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Abstract 



The construction and analysis of deformations of quantum field theories by warped 
convolutions is extended to a class of globally hyperbolic spacetimes. First, we show 
that any four-dimensional spacetime which admits two commuting and spacelike Killing 
vector fields carries a family of wedge regions with causal properties analogous to the 
Minkowski space wedges. Deformations of quantum field theories on these spacetimes are 
carried out within the operator-algebraic framework — the emerging models share many 
structural properties with deformations of field theories on flat spacetime. In particular, 
deformed quantum fields are localized in the wedges of the considered spacetime. As a 
concrete example, the deformation of the free Dirac field is studied. Second, quantum 
field theories on de Sitter spacetime with global U(l) gauge symmetry are deformed 
using the joint action of the internal symmetry group and a one-parameter group of 
boosts. The resulting theories turn out to be wedge-local and non-isomorphic to the 
initial one for a class of theories, including the free charged Dirac field. The properties of 
deformed models coming from inclusions of CAR-algebras are studied in detail. Third, 
the deformation of the scalar free field in the Araki-Wood representation on Minkowski 
spacetime is discussed as a motivating example. 



Zusammenfcissung 

Die Konstruktion und Analyse von deformierten Quantenfeldtheorien durch warped 
convolutions wird auf eine Klasse von global hyperbolischen Raumzeiten verallgemein- 
ert. Erstens, cs wird gczeigt, dass jede vierdimensionale Raumzeit, wclchc zwci kom- 
mutierende und raumartige Killing- Vektorfelder erlaubt, eine Familie von Keilregionen 
tragt, deren kausale Eigenschaften analog zu Minkowski-Keilen sind. Deformationen von 
Quantenfeldtheorien auf solchen Raumzeiten werden im operator-algebraischen Rahmen 
durchgefiihrt — die strukturellen Eigenschaften der entstehenden Modelle sind ahnlich 
wie in Falle von fiachen Raumzeiten. Insbesondere sind die deformierten Quanten- 
felder in den Keilen der jeweiligen Raumzeit lokalisiert. Als konkretes Beispiel wird 
die Deformation des freien Dirac- Feldcs diskutiert. Zweitens, Quantenfeldtheorien auf 
der de-Sitter-Raumzeit mit globaler U(l)-Eichsymmetrie werden mithilfe der gemein- 
samen Wirkung der inneren Symmetrien und einer Ein-Parameter-Gruppe von Boosts 
deformiert. Die resultierenden Theorien sind Keil-lokal und nicht-isomorph zu der ur- 
spriinglichen Theorie im Falle einer Klasse von Theorien, welche das freie geladene 
Dirac-Feld enthalt. Die Eigenschaften deformierter Modelle, welche aus Inklusionen von 
CAR-Algebren entstehen, werden im Detail untersucht. Drittens, die Deformation des 
freien Skalarfeldes in der Araki-Woods-Darstellung auf der Minkowski-Raumzeit wird 
als motivierendes Beispiel behandelt. 
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Chapter 1 
Introduction 



Deformations of quantum field theories arise in different contexts and have been studied 
from different points of view in recent years. One motivation for considering such models 
is a possible noncommutative structure of spacetime at small scales, as suggested by 
combining classical gravity and the uncertainty principle of quantum physics [DFR95]. 
Quantum field theories on such noncommutative spaces can then be seen as deformations 
of usual quantum field theories, and it is hoped that they might capture some aspects of 
a still elusive theory of quantum gravity (c/. [Sza03] for a review). By now there exist 
several different types of deformed quantum field theories (see [GW05, BPQ+08, S0IO8, 
GL08, BGK+08, BDF+10] and references cited therein for some recent papers). 

Certain deformation techniques arising from such considerations can also be used as 
a device for the construction of new models in the framework of usual quantum field 
theory on commutative spaces [GL07, BS08, GL08, BLSll, LWll], independent of their 
connection to the idea of noncommutative spaces. From this point of view, the deforma- 
tion parameter plays the role of a coupling constant which changes the interaction of the 
model under consideration, but leaves the classical structure of spacetime unchanged. 

Deformations designed for either describing noncommutative spacetimes or for con- 
structing new models on ordinary spacetimes have been studied mostly in the case of a 
fiat manifold, either with a Euclidean or Lorentzian signature. In fact, many approaches 
rely on a preferred choice of Cartesian coordinates in their very formulation, and do not 
generalize directly to curved spacetimes. The analysis of the interplay between space- 
time curvature and deformations involving noncommutative structures thus presents 
a challenging problem. As a first step in this direction, we study in this thesis how 
certain deformed quantum field theories can be formulated in the presence of external 
gravitational fields, i.e. on curved spacetime manifolds (see also [ABD+05, OSIO] for 
other approaches to this question). We will not address here the fundamental question 
of dynamically coupling the matter fields with a possible noncommutative geometry of 
spacetime [PV04, Ste07], but rather consider, as an intermediate step, deformed quan- 
tum field theories on a fixed Lorentzian background manifold. 
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Chapter 1. Introduction 



1.1 The algebraic approach to quantum field theory 

In this section we describe the framework for our discussion of quantum field theories on 
Minkowski spacetime [Haa96, Ara99] and its extension to Lorentzian manifolds [Dim80]. 

Algebraic quantum field theory (local quantum physics) is a model-independent ap- 
proach to relativistic quantum physics which uses techniques from operator algebras. 
The fundamental objects in its formulation are the basic building blocks for the exper- 
imental description of quantum systems, namely, measuring instruments (observables) 
and systems being measured (states). In physical terms, states are (equivalence classes 
of) preparation devices producing ensembles of quantum systems and observables are 
(equivalence classes of) measuring devices which are applied to the quantum system and 
yield a "result" [Ara99]. 

Within the algebraic framework, observables are represented by selfadjoint elements 
in a (unital) C*-algebra. Since measurements are performed over a finite time and over a 
finite spatial extent, each observable carries an intrinsic localization. Hence, one assumes 
that for each open and bounded subset O C IR^ of Minkowski spacetime^ (R^, 77), there 
exists a C*-algebra 21(C) containing all the (bounded) observables which are measurable 
in O. We refer to the local algebras of observables 21(C) as local algebras. The map 

O ^ 2l(0) 

is required to fulfill a number of conditions, which every physically meaningful theory 
should satisfy: Since larger regions should contain more observables, one requires 

1) (Isotony). If Oi C O2, then 2l(Oi) C 2t(02), 

where 2t((9i) ^ 2t((92) is a unital embedding. This gives O 1— ?■ 2t((9) the structure of a 
net, i.e. an inclusion-preserving mapping. Consequently {2t((9) : O C IR^} is a directed 
system of C*-algebras, so there exists a (up to isomorphism) unique C*-algebra 21 (the 
inductive limit of the directed system), such that Uo^(^) dense in 21 [KR86]. We 
refer to 21 as quasilocal algebra. Since measurements in spacelike separated regions should 
not interfere with each other by Einstein causality, one demands that the corresponding 
observables commute: 

2) (Locality). If d C then 21(00 C 21(02)', 

where O' denotes the causal complement of O and the commutant is understood as 
relative commutant in 21. Relativistic covariance is expressed by demanding that there 
exists a continuous representation a :Vq ^ Aut(2t) of the identity component Vq of the 
Poincare group by automorphisms on 21, which acts in a geometrically compatible way 
on the net: 

3) (Covariance). ah{^{0)) = 2l(/iO), h e Vo, 



See appendix A for our conventions and notation concerning Minkowski spacetime. 
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where hO := {hx : x G O} denotes the transformed spacetime region. We refer to a 
map 21 : C !->■ 21(C) satisfying conditions 1), 2) and 3) as a local net. 

States are represented in the algebraic framework by continuous linear maps uj : 
21 — >■ C satisfying U}{1) = 1 and uj{A*A) > for all A e 21. i.e. states are particular 
elements in the dual space of 21. Depending on the physical context, one demands further 
properties {e.g. Poincare-invariance, spectrum condition, KMS condition) to select the 
states of actual interest. 

The familiar Hilbert space formulation of quantum field theory is recovered by means 
of the the Gelfand-Naimark-Segal (GNS) construction: The pair (2t, u) yields a (up to 
unitary equivalence) unique triple ("Ho;, tt^j, fi^j), where Ticj is a Hilbert space, G "H^j 
is a unit vector and Tr^j : 21 ^ B{l-Lt^) is a C*-homomorphism (representation), such that 

uj{A)^{n^,T:^{A)nj)^^, Ae^ 

and 71^(21)0^^ is dense in l-L^^. Each a; (A), ^ G 21 is physically interpreted as the ex- 
pectation value of the observable A in the state ui. If the representation a is imple- 
mcntablc, as it is the case for Poincare-invariant states, there exists a unitary represen- 
tation C4, : Po ^ End(?^a,), such that 

T:^{ah{A)) = U^{h)T:^{A)U^{h)-\ heVo, Ae^2i. 

The representation O h- )■ tt^^ (21(C))" of the local net by von Neumann algebras also satis- 
fies conditions 1), 2) and 3), since algebraic relations are preserved under the homomor- 
phism TT^. The quasilocal algebra 21 possesses, in general, an abundance of inequivalent 
representations — this fact is used to explain superselection rules [DHR69]. 

To summarize, a quantum field theory in the algebraic sense is a Hilbert space 
representation of a local net, i.e. a collection of objects {{2t((9)}0d^4, {ah}heVQi^} sat- 
isfying conditions 1), 2) and 3), where the state u is required to meet certain physically- 
motivated regularity conditions. 

The algebraic formulation of quantum field theory was generalized to Lorentzian space- 
time^ manifolds (M, g) in [DimSO]. Again, one demands that there exists a C*-aIgcbra 21 
containing C*-subalgebras 2t(0) which are associated with open and bounded spacetime 
region O C M, such that O i-> 2l(0) satisfies certain requirements. Conditions 1) and 
2) carry over directly to the curved setting, whereas the notion of spacelike separation 
is determined by the causal structure of the underlying spacetime (see appendix A). For 
a spacetime (M, g) which has a non-trivial global symmetry group, the Poincare group 
Vo in condition 3) is replaced by the isometry group Iso(M, g) of (M, g). Covariance is 
then formulated in the following way [DimSO] : 

3') (Covariance). There exists a continuous representation a : Iso(M, g) Aut(2l), 
such that 

a^(2l(e»)) = 2l(/iC») 
holds for all h G Iso(M, g) and every O <Z M. 



^See Appendix A for our conventions and notation concerning curved spacetimes. 



10 



Chapter 1. Introduction 



Remark 1.1.1. (1) A generic curved spacctime has a trivial isometry group, so this 
condition is empty in this case. However, the spacetimes which we consider in this thesis 
{e.g. Bianchi type models I- VII) do have a non-trivial global isometry group and these 
isometrics will play an important role in the following, in particular for our definition 
of deformations of quantum field theories. Hence we adopt condition 3') as the notion 
of covariance. 

(2) Note that condition 3') is of a global type, since it relies on the presence of a 
global isometry group. A concept of covariance which uses local conditions is provided 
by the principle of general local covariance [BFV03]. A framework for quantum field 
theories on generic globally hyperbolic spacetimes which makes use of this concept can 
be found in [HW08]. 

For quantum field theories on curved spacetimes, the notion of state is the same as on 
flat spacetime, i.e. a state is a contimious linear map cu : 21 ^ C satisfying U}{1) = 1 and 
uj{A*A) > for all A G 21. But restrictive selection criteria for states of physical interest, 
such as Poincare-invariance or positivity of energy, are not available in this setting and 
constitute one of the main difficulties in its formulation. We note that the microlocal 
spectrum condition [Rad96, BFK96] provides, to a certain extent, a replacement for 
the relativistic spectrum condition on flat spacetime. However, in this thesis we will 
not make use of the microlocal spectrum condition. Since we do not work with generic 
curved spacetimes, but rather with spacetimes (M, g) which possess a sufficiently large 
isometry group lso(M, g), we consider states which are Iso(M, g)-invariant, such as the 
Bunch-Davies state in the case of full de Sitter spacetime. 

1.2 Constructive algebraic quantum field theory 

In this section we review a constructive technique for quantum field theories on Minkowski 

spacetime called warped convolution [BS08, BLSll], which uses a certain deformation 
procedure for C* -algebras. For a much more comprehensive overview of the current 
status of constructive algebraic quantum field theory we refer to [SumlO]. 

Once a local net (in a vacuum representation^) is given, an enormous amount of physical 
information can be extracted, such as the superselection structure, the particle content 
and collision cross sections (sec [BHOO, BS06] and references cited therein). However, 
the task of explicitly constructing non-trivial examples has turned out to be particularly 
difficult, especially in four dimensions. Constructive quantum field theory has cele- 
brated great successes in two and three dimensions by using functional integral methods 
in Euclidean space [GJ81], but the physical case of four spacetime dimensions remains 
an open challenge to mathematical physics up to this day. 

A novel approach towards the construction of models within the algebraic framework 
has emerged in the last few years [Sch97, Sch99, SWOO, Lec03, Lec05, LecOS, BS07, 
BS08, BLSll]. A common theme in these works is that one tries to avoid the direct 



^The corresponding states appear in the description of systems in elementary particle physics. 
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construction of strictly localized quantities in a first step, and rather considers auxiliary 
non-local fields, which are associated with certain unbounded wedge-shaped spacetime 
regions called wedges. A wedge in four-dimensional Minkowski space is a region which is 
bounded by two non-parallel null planes. More specifically, one starts with a reference 
wedge 

Wo := {x e IR^ : > \x^\} 

and defines the family of wedges W := {hW^ : h E Vo} as the Poincare-orbit of Wq. In 
a general relativity context these regions also go under the name of Rindlcr spacetime. 
In the following, we refer to a map W 3 W ^ 2t(Vr) satisfying condition 1), 2) and 3) 
from Section 1.1 as wedge-local net and to the algebras Ql(VF) as wedge algebras. The 
main advantage of considering nets over wedges is that a wedge W is large enough to 
make the construction of observables which are localized in W doable, but also small 
enough to make a complete description of the causal structure of Minkowski spacetime 
feasible [TW97] (see below). Once a wedge-local net is given, one can proceed to a local 
net over double cones by taking suitable intersections: 

a^2l(a):= n 2l(W). (1.2.1) 

WdOo 

That this indeed defines a local net relies on the peculiar properties of wedges [TW97]: 
(1) every double cone can be written as = HifdOo ^ family W is 

causally separating for double cones, i.e. for every pair of spacelike separated double 
cones Co, C^o there exists a wedge W G W, such that 

a c w c (a)'. 

Since double cones form a base for the topology of IR"^, one can define a local net over 
arbitrary open and bounded spacetime regions O via 

0^21(0) U 21(a)" ", 

OoCO 

where the superscript denotes the norm closure. 

Wedge-local nets can by constructed by means of so-called wedge triples [LeclO] (see 
also [BLSll] for the closely related notion of a causal Borchers triple). A wedge triple 
(2to,2t, a), relative to the wedge Wq, consists of an inclusion of two C*-algebra 2lo C 21 
and a strongly continuous action a : Vo ^ Aut(2l), such that: h eVq 

i) If hWo C Wo, then ah(%) C 2lo 

ii) If hWo C (Wo)', then a,,(2lo) C (2to)', 

where the commutant is understood as the relative commutant in 21. Given a wedge- 
triple (2lo,2l, a), then 

W := hWo ^ ah{%) =: 2l(W) (1.2.2) 
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defines a wedge-local net. Isotony holds by condition i), locality by condition ii) and 
covariance by the very definition of the net (1.2.2). Conversely, every wedge-local net 
W i-> gives rise to a wedge-triple: Define 2lo := 2l(Wo) and let 21 be the quasilocal 

algebra of the theory. Then conditions i) and ii) hold by the isotony and locality of 
the net. Hence, a wedge-triple can be viewed as the basic building block of a quantum 
field theory and the task is to construct examples such that the resulting local net 
O i-> 2t(C) describes non-trivial interaction. We summarize the constructive problem 
in the following three steps: 

I) Specify a wedge triple (2lo, 21, a). 

II) Construct a wedge-local net W i-^ 21(1^) from (2lo, 21, a). 
Ill) Prove that the double cone algebras (1.2.1) are non-trivial. 

Step 11) is canonical in the case of Minkowski spacetime, since the Poincare group acts, 
by definition, transitively on the set of wedges. However, in Chapters 2 and 3 we will 
encounter situations where this is not the case anymore. Step III) is the hardest task 
in this program. In two spacetime dimensions the split property for wedges and the 
modular nuclearity condition provide sufficient conditions for the non-triviality of inter- 
sections of wedge algebras [BL04]. In four dimensions it is known that the scalar free 
field does not satisfy the split property for wedges [Bu74], so a condition which implies 
the non-triviality of intersections of wedge algebras is missing so far in this case. 

In this thesis we will be concerned exclusively with steps I) and II) of this program. 
One possibility to construct new examples of wedge triples from known ones {e.g. the 
one which is provided by a free field theory) is by means of a deformation procedure 
called warped convolution (see [BS08, BLSll] and [GL07, GL08] for precursors of this 
work). The authors consider a C*-dynamical system (21, a, H") which is covariantly 
represented on a Hilbcrt space "H, i.e. the C*-algebra 21 is a norm-closed *-subalgebras 
of some BiTi) and a : IR" — )■ Aut(2t) is a strongly continuous automorphic action which 
is implemented by a family of unitary operators U : IR" End(?^).^ The warped 
convolution ^451 of an operator ^4 e 21 is defined as 



where 9 is an antisymmetric n x n matrix, which plays the role of a deformation pa- 
rameter. This integral can be defined in an oscillatory sense, if A is an element of a 
certain "smooth" subalgcbra 2t°° C 21 (see Section 3.2 for details). For deformations of 
a single algebra, the mapping A Ag has many features in common with deformation 
quantization and the Weyl-Moyal product, and in fact was recently shown [BLSll] to be 

"^Note that this is only a shght loss of generality since we can either work in the GNS representation 
of a translation-invariant state, or we work in the universal covariant representation which exists for 
every C*-dynaniical system [Ped79, Prop. 7. 4. 7, Lem.7.4.9]. In the latter case, we assume that H is 
separable, as it is the case in a variety of concrete models in quantum field theory. 




(1.2.3) 
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equivalent to specific representations of Rieffel's deformed C*-algebras with ]R"-action 
[Rie92] . In applications to field theory models, however, one has to deform a whole fam- 
ily of algebras, corresponding to subsystems localized in spacetime, and the parameter 
9 has to be replaced by a family of matrices adapted to the geometry of the underlying 
spacetime. At this point the formulation of wedge-local nets in terms of wedge triples is 
convenient, since the deformation of the net amount to the deformation of the algebra 
SIq. The form of the matrix 6 has to be adjusted such that the deformed triple is again 
a wedge triple. In four spacetime dimensions the class of "admissible" matrices is of the 
form 

/ K 0\ 

k' 

\ -k' oy 

Buchholz, Lechner and Summers proved the following key statement. 



K > 0, e R. 



Theorem 1.2.1. ([BLSll, Thm.4.2]). 

Let (Qlo, 21, a) he a covariantly represented wedge triple such that U \ IR,^ satisfies the 
spectrum condition and 9 an admissible matrix. Then the warped triple ((2lo)e, a) 
with {%)0 := {Aff : A e 2lo n 21°°}" is also a wedge triple. 

The proof of the locality condition ii) relies on a subtle interplay between the special 
form of the matrix 9, the relativistic spectrum condition and the geometric form of 
wedges. 

For theories which describe massive particles, the two-particle scattering for the 
deformed theory has been computed in [GL07, GL08] within the framework of [BBSOl] 
(see [DTll] for a similar analysis in the massless case). It turns out that the S- matrix 

changes under the deformation and that it is non-trivial even if it was trivial for the 
initial theory. The (improper) scattering states in the deformed theory {9 ^ 0) and the 
(improper) scattering states in the undeformed theory [9 = 0) are related by 

Since 9 depends on Wq, the scattering states break Lorentz invariance. For the kernels 
of the elastic scattering matrices in the deformed and undeformed theory holds 

This shows that the deformed and undeformed theories are not unitarily equivalent and 
that also the deformed theories among each other are not equivalent. A similar result 
about unitary inequivalence in the generic case of deformations of causal Borchers triples 
was obtained in [BLSll, Prop. 4. 7]. 

The models which were constructed by these methods provide the first examples 
of fully Poincare-covariant and wedge-local quantum field theories in four-dimensional 
Minkowski spacetime which describe non-trivial clastic scattering processes. However, 
from a physical point of view these models are too simple so far and should be consid- 
ered as toy models, since (1) the S- matrix breaks Lorentz invariance, (2) the collision 
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cross sections do not change under the deformation and (3) the associated double cone 
algebras are trivial [BLSll]. Nevertheless, the idea of deforming wedge triples sheds 
new light on the constructive problem in quantum field theory and it is the hope that 
similar deformation methods lead to physically relevant theories in four dimensions and 
eventually to a better understanding of interacting quantum field theories. 

As we see, the warped convolutions deformation procedure heavily relies on the pe- 
culiar structure of Minkowski spacetime {e.g. Poincare symmetry, spectrum condition, 
existence of wedges). These structures are not present on a generic curved spacetime: 
Since the isomctry group is trivial, one cannot impose invariance of the state or covari- 
ance of the fields by referring to symmetries. There is no preferred choice of vacuum 
state and, in particular, there is no analogue of the spectrum condition. The notion of 
wedges relies on the presence of a Cartesian coordinate system and it is not obvious how 
to describe these regions in a covariant way. It is therefore certainly interesting and a 
priori not clear if a similar deformation procedure is also feasible on curved spacetimes. 

1.3 Overview of the thesis 

In this thesis we extend the construction of quantum field theories by warped convolution 
to a class of four-dimensional globally hyperbolic spacetimes with a sufficiently large 
isometry group, which gives rise to a representation of as required by (1.2.3). The 
spacetimes that we consider are the following: 

• Chapter 2: Minkowski spacetime 

• Chapter 3: Cosmological spacetimes {e.g. Bianchi type models I- VII) 

• Chapter 4: full de Sitter spacetime 

As a motivating example we study in Chapter 2 a deformation of the scalar free 
field on Minkowski spacetime in the GNS representation of a KMS state (Araki- Woods 
representation). The spectrum condition is not fulfilled in this representation. Using a 
warped convolution along the edge of a wedge, we define deformed creation and anni- 
hilation operators in the thermal representation along the same lines as in [GL07] . The 
deformed fields turns out to be wedge-local and covariant with respect to the (extended) 
Euclidean group £4(3) := xi S0(3)o. The associated nets of bounded operators for 
the deformed and undcformed theory are unitarily inequivalent. This chapter contains 
several techniques and methods which will reappear in Chapter 3 about cosmological 
spacetimes: (1) we see that wedge-locality can be established without the spectrum con- 
dition by making an appropriate choice for the subgroup by which the deformation is 
defined (translations along the edge of a wedge); (2) the group £4(3) does not act tran- 
sitively on the set of wedges W, so a priori it is not clear how to generate a wcdgc-local 
net from a wedge triple (step 11 in Section 1.2) — we solve this problem by dividing W 
in certain "coherent" subfamilies and prescribing one initial algebra for each subfamily. 



1.3. Overview of the thesis 



15 



In Chapter 3 we study quantum field theories on globally hyperbolic spacetimes 
which admit two spacelike and commuting Killing vector fields. This class contains 
various spacetimes which are of interest in cosmology. Using the fiow of these Killing 
vector fields wc generate two-dimensional submanifolds which play the role of edges. 
A wedge is then defined as a connected component of the causal complement of an 
edge. This construction is fully covariant and reduces to the usual notion in the case 
of flat spacetime. We show that these regions have inclusion and covariance properties 
which are analogous to the Minkowski space wedges. Next, we consider quantum field 
theories on these spacetimes and deform them by warped convolution using the fiow 
of the Killing vector fields. The emerging models share many structural properties 
with deformed field theories on fiat spacetime. In particular, they are localized in the 
wedges of the considered spacetime. Further aspects of deformed theories are discussed 
in the concrete example of the free Dirac field, where we prove that the deformed and 
undeformed theories are not unitarily equivalent. 

In Chapter 4 we consider a spacetime which does not fit into the framework of 
Chapter 3, namely, full de Sitter spacetime. A family of wedges is already available 
here [BB99]. We apply the warped convolution deformation to quantum field theories 
with global U(l) gauge symmetry within the algebraic setting (field nets). For the 
deformation we use a combination of internal and external symmetries (boosts associated 
with a wedge). The resulting theories are wedge-local and de Sitter-covariant. Then 
we study the deformation of a particular class of field nets in more detail, namely, nets 
which arise from inclusions of CAR-algebras — among this class is the free charged 
Dirac field. For these theories we determine the fixed-points of the deformation map 
and prove inequivalence of the deformed and undeformed models. Finally, we comment 
on warped convolutions in terms of purely internal or external symmetries using other 
Abelian subgroups of the de Sitter and gauge group. 

In Chapter 5 we summarize our results and indicate open problems and perspectives 
for future work. 

In Appendix A we collect our conventions and a table of frequently used symbols. 

The results in Chapter 3 are based on a joint paper [DLMll] with C. Dappiaggi and G. 
Lechner. The content of Chapter 4 was published in [Morll]. 
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Chapter 2 



Thermal Quantum Field Theories 
on Flat Spacetime 

This chapter contains a simple but instructive example for a deformation of a quantum 
field theory on flat spacetime — many of the structures and techniques which we en- 
counter here will reappear in later chapters about deformations of quantum field theories 
on curved spacetimes. More specifically, we study a deformation of the scalar free field 
in the representation which is associated with a KMS state (Araki Woods representa- 
tion). The spectrum condition is not fulfilled in this representation. Physically this can 
be traced back to the fact that an arbitrary amount of energy can be extracted from 
the ambient heat bath, so that the thermal Hamiltonian is not bounded from below. 
As positivity of energy was crucial in the wedge-locality proof for the deformed fields in 
[GL07], it is not obvious if a similar deformation is also feasible in the thermal setting. 

Despite this difference, we show that a deformation of the thermal scalar free field 
can be defined, so that the resulting theory is wedge-local and inequivalent to the initial 
one. In contrast to [GL07], the deformation is not defined with the entire subgroup of 
translations of the Poincare group, but rather by translations along the edge of a wedge. 

This chapter is structured as follows. In Section 2.2 we collect the basic properties 
of the (abstract) Weyl algebra over a real symplectic vector space and outline its con- 
struction for the scalar free field together with its vacuum representation on Fock space. 
In Section 2.3 we consider KMS states on the Weyl algebra for the scalar free field, 
describe their GNS representations (Araki- Woods representation) and discuss the prop- 
erties of the associated unbounded thermal field operators. In Section 2.4 we introduce 
deformed thermal field operators by means of a deformation of the thermal creation and 
annihilation operators. We study the Wightman properties of these fields and it turns 
out that they are wedge-local and covariant with respect to the (extended) Euchdean 
group £4(3) = IR^ X S0(3)o. Then, the wedge-local net of bounded operators which 
is generated by the deformed thermal fields is defined and it is proven that this net is 
unitarily inequivalent to the initial thermal net. 

In the presentation of the scalar free field and its thermal representation we follow 
[Jak04]. 
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2.1 Minkowski spacetime and wedges 

Minkowski spacetime is the real manifold = R x equipped with the metric tensor 

3 

g = (8) dx^ -'^dx^ ® dx^, 

k=l 

where {x^ : /i = 0, . . . , 3} is the global chart, which is given by the Cartesian coordinates 
on R^. It has the structure of a Lorentzian manifold and we fix a time orientation, such 
that eo = (1, 0, 0, 0) is future-directed. As r^(R^) = R^ for all x e R^, we identify these 
spaces. For x,y & R*^ there holds 

3 

g{x^d^,y''d^) = -J^^^y'' = ^^^y =• ^ • ^' ^ = diag(l, -1, -1, -1), 

k=l 

where we summed over repeated indices and xy denotes the Euclidean inner product 
oi x,y e R"^. We use the shorthand notation (x)^ := x ■ x. In the following, we 
refer to the metric g and its matrix representation rj simply as Minkowski metric and 
we write (R^,?^) to denote Minkowski spacetime. The Minkowski metric induces a 
causal structure on R^: we call points x,y E R^ timelike, spacelike or null related, if 
(x — y)^ > 0, (x — yY < or {x — yY = 0, respectively. The causal complement O' of 
a set C C R^ is defined as the interior of {x e R^ : {x — yY < Q,y E O], so that we 
always work with open sets. Two spacetime regions Oi,02 C R^ are called spacehke 
separated if Oi C C2 

The isometry group of Minkowski space is the Poincare group = R^ x £, where 

jC = 0(1, 3) = {A e Mat(4, R) : A^t^A = r]} 

is the Lorentz group. The semidirect product is defined with the natural action of jC on 
R^, so that the group operation is the following: 

iy,A)iy',A') = (Ay' + y, AA'), (?/, A), (?/', A') e V. 

The Poincare group is a ten-dimensional, non-compact, non-connected and real Lie 
group which has four connected components. The component which contains the identity 
(proper orthochronous Poincare group) is denoted Vo ■— R^ x >Co, where Cq :— S0(1, 3)o 
consists of those Lorentz transformations which preserve the orientation and time- 
orientation of (R^,7^). 

Inside Minkowski spacetime there are special regions called wedges, which will play 
an important role in the following — they turn out to be the typical localization regions 
of the deformed quantum fields from Section 2.4. They can be visualized as regions 
which are bounded by two non-parallel characteristic planes. More precisely, we specify 
a reference wedge 

Wo := {x e R^ : x^ > \x°\} 
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and define the family of all wedges W as the set of all Poincare transforms of Wq: 

W := {{y, A)Wo : {y, A) G Vo}, {y, A)Wo := AWo + y. 

The action of the Lorentz group on a region is understood as the pointwise action. 
By definition, Vo acts transitively on W. Each wedge W E W has an attached edge 
Ew, which is a two-dimensional plane. We have Ewq — {x E : x'^ — — 0} 
and Ew = {y,A)Ew^^ for W = {y,A)Wo. The wedge W coincides with a connected 
component of the causal complement of E]^. 

The properties of these regions and their potential use in quantum field theory were 
investigated in [TW97]. The authors show that each wedge 1^ e W is causally complete, 
i.e. W" — {Wy — W, and that the family W is causally separating for double cones 
in the following sense: for every pair of spacelike separated double cones Oi,02 there 
exists a wedge W &yV, such that 

O1CWCO2'. (2.1.1) 
Moreover, every double cone O can be written as a suitable intersection of wedges: 

0= f]W. (2.1.2) 

WdO 

Remcirk 2.1.1. Equations (2.1.1) and (2.1.2) are the two key properties of wedges 
which enable us to define a local net in terms of a wedge- local net (see Section 1.2). 

In the subsequent discussion of the scalar free field we will see that Lorentz trans- 
formations are broken in the thermal representation. The thermal fields transform co- 
variantly only with respect to the extended Euclidean group E4(3). Clearly, this group 
does not act transitively on the set W. For the definition of the deformed thermal net in 
Section 2.4 it is convenient to decompose W into certain "coherent" subfamilies, namely, 
subsets where £4(8) does act transitively. This decomposition is defined in the following 
way. First, we split W into a Lorentz part and a translational part: 

W ^ {W + y -.W eWc,y e M^}, Wc := {AWo ■ A e Co}- 

Then we define an equivalence relation on Co' Two Lorentz transformations A, A' e Co 
are called equivalent, if there exists an R & S0(3)o such that A = RA'. One easily 
verifies that this defines indeed an equivalence relation. The set W/: decomposes into 
subsets 

Wc^\J >V[A] , >V[A] = {A'Wo : A' ~ A} = {RAWo : R G S0(3)o}. 

[A] 

By definition, E4(3) acts transitively on each {W + y : W e VV[a], y £ R^}. Next we 
make use of the fact that any Lorentz transformation A & Co can be written as 



A = AeAi(s)Ae', 
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where Ai(s), s e IR is a boost in the x^-direction and A^, Ae' are spatial rotations around 
axes e, e' e and angles |e|, |e'| e H. Hence, every >V[a] can be parametrized by a 
number s e H and a single vector e e R^, i.e. 

yVis,e] := >V[A] = {RAe{s)Wo : R e S0(3)o}, Ae{s) Ai(s)Ae. 

From this follows that every wedge W eW can be written as W — RAf,{s)Wo + y, for 
suitable R e S0(3)o, e e ]R^ s e IR and y e Hi 

Remark 2.1.2. In Chapter 3 about cosmological spacetimes a similar decomposition 
of wedges into coherent subfamihes will be used. 

2.2 Vacuum representation of the scalar free field 

2.2.1 The Weyl algebra for the scalar free field 

Before we come to the construction of the Weyl algebra for the scalar free field, we 
collect the basic properties of the (abstract) Weyl algebra over a real symplectic space. 

Definition 2.2.1. Let f) be a real vector space and a a non-degenerate symplectic form 
on \]. The Weyl algebra CCR((),(7) is the C*-algebra which is generated by symbols 
V{f)J e f) satisfying 

V{fY^V{-f), VU-)V{g) = e-y^f'^^V{f + g) (2.2.1) 

for all f,gei). 

Proposition 2.2.2 ([BR97]). CCR([),cr) is unique up to isomorphism and simple, so 
all its representations are faithful or trivial. Moreover, there holds 

i) V{0) = 1. 

a) Each V{f), f & i) is unitary. 

Hi) \\V{f) -1\\=2, if and only iffj^Q. 

From part Hi) follows that the one-parameter groups R 9 A i-> V{Xf), / G f) are 
never norm-continuous. Hence, there do not exist non-trivial strongly continuous actions 
of R" on CCR (1), o"). This is essentially the reason why we do not consider deformations 
of the Weyl algebra itself, but rather of generators of Weyl unitaries (field operators) 
later on. For the purpose of defining field operators from Weyl operators it is useful to 
consider the following class of representations. 

Definition 2.2.3. A representation tt : CCR([),o") — )■ B{'Ht^) is called regular, if the 
unitary groups R 9 A 7r(V(A/)) are strongly continuous for all / G f). 
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From Stone's theorem about strongly continuous unitary groups follows that for 
these representations there exist unique selfadjoint operators 07r(/) on such that 
7r(y(A/)) = exp(iA07r(/)) holds for all A e H, / e f). As A i-^ 7r(y(A/)) is not norm- 
continuous, this generator is unbounded. The action of the field operators is defined by 
differentiation of Weyl operators: 

um--=~Av{xm\^^^ (2.2.2) 

with ^ e D{(f)^{f)) := e "Htt : liniA-+o[7r(T^(A/))$ - $]/A exists}. These operators 
satisfy the canonical commutation relation 

by equation (2.2.1) and since 'jT{V{f))D{(f)T,{g)) = D{4>T^{g)) holds for all f,g&i)as the 
representation n is regular [BR97, Prop. 5. 2. 4]. 

We proceed with the construction of (l),o-) for the (neutral massive) scalar free field. 
This construction is based on Wigner's classification of irreducible unitary representa- 
tions of the Poincare group [Wig39]. Associated with massive (m > 0) and spinless 
(s = 0) particles is the Hilbert space "Hi := L'^{H:^,dnra), where d^m = d^p/'^^p is the 
(up to a constant) unique Lorentz-invariant measure on the upper mass hyperboloid 
= {p e : = m^, Po > 0} and Sp — -^/p^ -\- m? is the energy of a particle with 
momentum p E IR^. In the following, we use the letters p, q for on-shell momenta and 
p, q for their spatial components. 

The Hilbert space "Hi carries a unitary strongly continuous positive energy represen- 
tation Ui oiVoi which is given by 

(C/i(y,A)(^)(p) = e^^-y^{K-^p), (y,A) e Po, e (2.2.3) 

An element"^ in the representation space is physically interpreted as the state vector 
(wave function) of a single massive spinless and non-interacting particle which satisfies 
the dispersion relation E{p) = a/p^ + m'^- 

Consider now the space ^(1R^,1R) of real- valued Schwartz functions on Minkowski 
space. Let / e y{lR^,lR) and define /+ := / t For m > the range of / i-^ /+ 
is contained in T-Li, so we have a well-defined map from test functions to one-particle 
vectors. By direct computation one verifies that 

{f^))+ = Ui{y,A)U, f(y,K){x) := f{A'\x-y)). 

For the construction of the Weyl algebra for the scalar free field we equip ^(IR'^jlR) 
with the following symmetric positive semidefinite bilinear form 

{L9)m - f diJim{p)W)m = / diim{p)f{-p)m, f:9^ ^(Il^]R). (2.2.4) 



^or more precisely a ray, i.e. an equivalence class of vectors in the Hilbert space, where elements 
are identified if they differ by a phase. 
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Its kernel ker^ := {/ G ^(1R^,1R) : ||/||^ := (/, /)^ = 0} consists of those Schwartz 
functions whose Fourier transform vanishes on We write [)^ := y{JR.'^,'\R)/kerm 
for the corresponding quotient. The set i)m has the structure of a real vector space and 

defines a non-degenerate symplectic form on f)^, where /, g are representatives of the 
equivalence classes [/], [g] e f)^, respectively. Note that the inner product (2.2.4) does 
not depend on the chosen representative. 

Remark 2.2.4. For notational simplicity we will write / G f)^ iii the following, where 
/ is a representative of the equivalence class [/]=/ + kerm- 

The Weyl algebra of the scalar free field is defined as 2tm := CCR (f)^, o"m)- Local 
algebras are obtained in the obvious manner: Let O C R'' be an open and bounded 
region in Minkowski space and define 

2l„(e») := CCR {i)m{0),aj, ^^(O) := {/ G f)^ : supp(/) C O}. 

From standard results [BR97, Prop. 5. 2. 10] it follows that the map O 2l^(C) is a 
Poincare-covariant net of C*-algebras with respect to the natural action 

a:Vo^ Aut(2lJ, a^y,A){V{f)) := 1^(/(,,a)). (2.2.5) 

Moreover, it is also local, i.e. 2l^(C>i) C 2l^(02)' if Oi C O2' (see [Bor96, Lem.I.2.2]). 

For the definition of creation and annihilation operators (from Weyl operators) it is 
convenient to introduce a complex structure J on ^(]R^,1R). It is essentially given by 
multiplication with i but also distinguishes between the positive and negative frequency 
parts of the Fourier transform. Let h G C°° (R, IR) be an odd function, satisfying 

, , , , I 1 if A > m 

hW = \ , .r~ (2-2.6) 
1—1 if A < —m 

and define 

{Tf){po,p) th{po)f{po,p), f e ^(]R^]R). (2.2.7) 

Clearly, J=i^(]R^,IR) C =5^(1R^,1R) and the operator J descends to a well-defined map 
on the quotient \j„i with {Jf) + {Bp,p) = if^{ep,p), so that = —1 on By using 
the properties (2.2.6) of the function h one can show that the map J is compatible with 
am in the sense that 

c^mif, Jg) = -amiJf,g)- 

holds for all /, (? G Hence, the pair (f)^, cr^) together with J has the structure of a 
complex pre-Hilbert space. 
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2.2.2 Fock representation of the scalar free field 

Consider a state : 21 — ?■ C on a C*-algebra 21 together with an action a -.Vq ^ Aut(2t) 
of Vq by automorphisms on 21, such that (|/,A) i— )■ u}{Aa{y^;s:^{B)) is continuous for all 
A, _B G 21. We write Tr^j, ^o;) for the GNS-triple which is associated with (2t, cu). 

Definition 2.2.5. The state uj is called Poincare-invariant, if a; o Q!(y,A) = holds for 
all (y, A) e To. 

From the invariance of the state it follows that the action is implementable — the 
unitaries are given by U{y, A)n^{A)fl^ := TT{ay^\{A))fl, A G 21. From the continuity of 
a follows that {U{y,A) : {y,A) G Vo} is a strongly continuous unitary group. For the 
unitaries which implement spacetime translations we write U{y) :— U{y, 1). 

Definition 2.2.6. The state u is called vacuum state, if it is Poincare-invariant and if 
the joint spectrum of the generators {P/^ : /i — 0, ... ,3} of the spacetime translations 
U{y) — exp(iy-P) is contained in the closed forward lightcone (spectrum condition). 

Proposition 2.2.7 ([Bor96]). Consider the Weyl algebra for the scalar free field 21^. 
The map ouq : 21^ — >■ defined as 

c^o(n/)):=exp(^-^||/||^), fel)m 

and extended to all of "Qlm by linearity and continuity, is a vacuum state. 

In the following wc refer to the GNS-triplc {Hujo - tTc^o- ^^o) vacuum representation 
of the scalar free field. A concrete realization is given by the Fock representation which 
we describe in the following (see Proposition 2.2.10). Let 

•^(^i):=0^n, nn:={n,f^'', no:=G (2.2.8) 

n>0 

be the Bosonic Fock space over the one-particle space "Hi. We write Q := (1, 0, 0, ... ) 
for the Fock vacuum. The representation (2.2.3) naturally extends to T{l-Li) via second 
quantization: {y,A) G Po, ^ G ^("Hi) 

(C/(y, A)^)„(pi, ...,pn) = e*S^=iP-^^n(A-V, • • • , A^Vn), n G JN (2.2.9) 

and U{y.,A)Vl — Q. The map |/ i— )■ f/(|/) is a strongly continuous unitary group and 
by Stone's theorem there exist selfadjoint operators {P^ : /i = 0,...,3}, such that 
Uiy) = exp{iy ■ P). The joint spectrum of this family of commuting and selfadjoint 
operators is contained in the closed forward fight cone. 

Elements in T{Tii) are sequences ^ = {^n}^0' where '^n £ "^n is an n-particle 
vector. For the dense subspace of vectors with only finitely many components unequal 
to zero we write J-q. On this subspace we define annihilation operators a{(p), (p G T-Li 
and creation operators a^{ip), G "Hi, in the following way 



{a{(p)'^)n{pi, . . . ,Pn) := Vn + 1 / dHrn{v)^{p)'^n+l{p,Pl, ■ ■ ■ :Pn): (v) — a(</')*- 
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There holds 



if n = 

^ ELi V{Pk)'^n-l{Pl, ...,Pk,...,Pn) if n > 0, 



where pk denotes omission of p^. Note that ip is complex linear, while ip a{ip) 

is anti- linear. The creation and annihilation operators a*{(p) satisfy the usual canonical 
commutation relations on. Fq: (p,ip & T-Li 

[a{^), a{i^)] = [a\^), a\i^)] = 0, [a{^), a\i^)] = {ip, • 1. 

Under the representation (2.2.9) of the Poincare group they transform according to 

U{y,A)a*{ip)U{y,A)-' = a*{ip(y,j,)), ^(y,^)(p) = e'^-y^{K-'p). 

Using the usual symbolic notation, we introduce the operator- valued distributions a*(p), 
p e which are associated with a^[ip), ip ^T-Li via 

= J dnm{p)^{p)a{p), a\^) = J dnm{p)^{p)a\p)- 

In this notation the CCR relations are 

[a{p),a{q)] = [a^{p),a\q)] = 0, [a{p),a\q)] = 2ep5{p - q) ■ 1 
and the a* (p) , p G i?^ transform according to 

U{y,K)a{p)U{y,K)-' = e-*^^-^a(Ap), U {y , K)a\p)U {y , K)-' = e^^^-^at(Ap). 
Definition 2.2.8. The scalar free field in the vacuum representation is defined as 

-L[a(/+) + at (/+)], / e ^(R^R). 

The following proposition collects the basic properties of these operators and shows 
that / satisfies the Wightman axioms for a scalar field. 

Proposition 2.2.9 ([RS75]). Let f e ^(R^R). Then: 

i) The subspace Tq of vectors of finite particle number is contained in the domain of 
each (t){f) and stable under the action of these operators. 

a) The map f (p{f)'^ , "if G J^q is a vector-valued tempered distribution. 

Hi) Each 4>{f) is essentially self-adjoint. 

Moreover: 

iv) Each 4>{f) satisfies the Klein-Gordon equation: 4>{{0 + m?)f) = 0. 
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v) Each 4>{f) transforms covariantly under the representation (2.2.9) ofVo-' 

U{y, A)0(/)C/(y, A)"^* = 0(/(,,a))*, iv, A) eVo,^e Jo- 

vi) For * e J^o and f,g e ^(]R'^,]R) there holds 

[<t>(f),<l>(g)]^^ilm{f,g)^^. 

We denote the selfadjoint closure of (f){f) by the same symbol and by Borel functional 
calculus Vf(/) := exp(i0(/)) is a unitary on F{Hi). There holds Vf(/)* = /) since 
/ is real and 

VF{f)VF{g) = e~i'^^f^^^^VF{f + g) = e-^^"^<^'^)'«y^(^)y^(/), G f)^ 

by part vi) of Proposition 2.2.9. Hence 

3 V{f) ^ MV{f)) := Vp{f) e B{T{Hi)) (2.2.10) 

is a representation of the Weyl algebra Sl^- The Weyl operators Vf(/) act on the Fock 
vacuum O, according to (see [Cam03]) 

so there holds {il,TTF{V{f))n)^ = u}o{V{f)). Furthermore, since f ^-^ f+ has dense 
range (see [RS75, Ch. X, Ex. 44]), it follows that {e^+ : / e i)jn} forms a total set in 
T{Hi), so 7ri?(2l^)Jl is dense in T{Hi). The following proposition collects these findings. 

Proposition 2.2.10. The GNS representations ("Hojo, tt^jo; ^^^o) and the Fock represen- 
tation (J^('Hi), TTi?, Jl) of the Weyl algebra for the scalar free field are unitarily equiv- 
alent. Moreover, (2.2.9) implements the action (2.2.5) in this representation. 

2.3 Thermal representation of the scalar free field 
2.3.1 KMS states 

Thermal equihbrium states are characterized by means of the KMS condition [HHW67] . 

Definition 2.3.1. Let 21 be a C*-algebra and r : R — )■ Aut(2l) a one-parameter group of 
automorphisms. A state a;/? : 21 — >■ C is called (r, ^)-KMS state at inverse temperature 
/3 > 0, if for all A, B E 01 there exists a complex- valued function Fa,b on S{0,/3) :— 
e C : < Im(^) < such that 

1) Fa,b is continuous and bounded in 5'(0, /?) 

2) Fa,b is analytic in the interior of S{0, /5) 
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3) its boundary values are given by 

FA,B(t) = M^^t(B)), FA,B(t + iP) = Mn(B)A). (2.3.1) 

The physical interpretation of KMS states as thermal equilibrium states is justified by 
their passivity and stability properties [BR97] . As the definition of temperature requires 
the introduction of a heat bath, the KMS condition distinguishes a rest frame, which is 
determined by the dynamics r in the definition of the state. Hence it is expected that 
Lorentz transformations are broken, i.e. not implementable in the GNS representation 
of a KMS state. The following proposition lists the basic consequences of the KMS 
condition (2.3.1). 

Proposition 2.3.2 ([BR97]). Let u/3 be a {t,/3)-KMS state on 21. Then 
i) uip oTt — ujp for all i e R. 

ii) Vt^p is (cyclic and) separating for 7iij^{'Qi)" . 

The cyclicity of Q^j^ holds simply by the GNS construction. That the vector Q,^^^ is 
also separating uses the KMS condition. From part i) it follows that 

U^^{t)7r^^{A)Q^^ 7r^^{rt{A))Q^^, AeOi 

defines a strongly continuous one-parameter unitary group {f/a;^(t) : t G IR} which 
implements the automorphisms {r^ : t G R} in the representation ("Ho^^ , tTi^^ , ) . By 
Stone's theorem there exists a unique selfadjoint generator L^, such that ^/u)^(t) = e**-'"'', 
i G R. The operator is called Liouvillian and it is the analogue of the Hamiltonian 
in the thermal case. Its spectrum is not bounded from below, symmetric [Ara72] and 
typically^ the whole real line [tBW76] . From this we see that in thermal representations 
the spectrum condition is gcnerically violated. Physically this can be traced back to the 
fact that an arbitrary amount of energy can be extracted from the ambient heat-bath. 

2.3.2 The Araki-Wood representation 

Consider the Weyl algebra of the scalar free field 2tm together with a one-parameter 
group of automorphisms which represent time translations: 

n{V{f)) := V{ft), ft{x', x) = /(a;° -t,x). 

Time translations amounts to multiplication with the one-particle energy in momentum 
space, i.e. {ft)+{sp,p) = e^^'^p f^{ep,p). For the following definition it is convenient to 
define the corresponding multiplication operator: (£/+)(£p,p) := Spf^{ep,p), f G f)^- 



^More precisely, spec(L^) = M if r acts asymptotically Abelian and lo^ admits a decomposition into 
extremal (r, /3)-KMS states. 
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Proposition 2.3.3 ([AW63]). Let p := (e^^ - 1)"^ and /3 > 0. Then 

ujfs{V{f)):=exp(^-^-{f,[l + 2p]f)^y f e i)m, (2.3.2) 

extended to all of^m by linearity and continuity is a {t, f3)-KMS state. 

Remark 2.3.4. Since p i— )■ [exp(/3y^pM-^n^) — 1]^^; with (3,m > 0, is a bounded 
and continuous function which vanishes at infinity, there holds pip G L'^{H:^,dprn), if 
ipeL''{H+,dpm)- 

Proposition 2.3.5 ([AW63]). The GNS-triple (7^^^^ , tt^^^ , fi^^^ ) which is associated with 
(21^, cuj^) is unitarily equivalent to the (left) Araki-Woods (AW) triple {T-Lp, tt^, ^p), where 

Here J^{l-Li) is the Fock space (2.2.8) from the vacuum representation of the scalar 
free field and J-'{'Hi) is its conjugate^. The tensor product which appears in Hp is the 
unsymmetrized tensor product of Hilbert spaces. The vector e J-{Hi) is the Fock 
vacuum and VF{f),f G i)m is the Fock representation (2.2.10) of%rn- 

Similar to the case of the charged scalar free field, the first tensor factor inl-Lp corre- 
sponds to the usual multiparticle state vectors from the vacuum representation and the 
second tensor factor can be interpreted as holes (antiparticles) in the ambient heat bath. 
Note that p — )■ as /3 — ?> oo, so in the zero temperature limit the AW representation 
reduces to the vacuum representation (2.2.10). 

The state (2.3.2) is invariant under translations. The automorphisms ay(y{f)) — V{fy), 
y e are implemented by unitary operators 

Up{y) = exp(iy • Pp), (Pp)^ = ® 1 - 1 ® i^, (2.3.3) 

where {P^^ : p = 0, . . . ,3} are the energy momentum operators of the vacuum represen- 
tation (2.2.10), so that 

M<^y{Vim = Up{y)np{V{f))Up{y)-\ ?/ G R^ / G i)m. 

The generator of time translations (-P/3)o = Pq (B 1 — 1 (B Pq is the Liouvillian in this 
model, where Pq is the Hamiltonian from the vacuum representation. The spectrum of 
(P^)o is the whole real line, since spec(Po) — {0} U [m, oo), m > 0. Prom (2.3.3) we see 

^The conjugate "H of a Hilbert space "H is as a set the the same as H, but it is equipped with the 
algebraic operations {ip,il>) ip + tjj (addition) and (a, ip) i-)- ay (scalar multiplication) together with 

the inner product {<p,ip) i-^ {(p,ip)jj^ = (t/j, (p)^. Elements in H are denoted by ^ and if A is a linear 
operator on T-L, then we denote by A the linear operator on T-L which is defined as Aip := A(p. 
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that translations in the thermal representation decompose into a product of translations 
in the vacuum representation: 



Lorentz transformations are generically broken, i.e. not implementable in the GNS 
representation of KMS state [Nar77, Oji86]. More precisely, a Poincare transformation 
is not implementable if it does not commute with the time translations. In our concrete 
case one can explicitly see that the state (2.3.2) is invariant under S0(3)o but not under 
boosts. Hence we consider a representation Up of the extended Euclidean group £4(8) 
onT-Lj}, which is defined as 



Up{y, R) := U{y, R) ® U{y, R), {y, R) e £4(8) (2.8.4) 

where U is the representation (2.2.9) of the Poincare group on the vacuum Fock space. 
As U implements a \ E4(8) in the vacuum representation, l/js implements a \ E4(8) in 
the thermal representation. 

Since the AW representation is a regular representation we can introduce thermal 
field operators (f)0{f) by differentiating thermal Weyl operators 7r^(y(/)) as in (2.2.2). 
There holds 

Mf) = 0(aA+p/) o i + 1 <^ 0(Vp/) (2-3.5) 

by Proposition 2.8.5. Thermal creation and annihilation operators are defined as 

where J — i is the complex structure (2.2.7) on f)^- For ip & Hi we obtain 
apiip) = a{^/l + pip) (g) i + 1 a^^/p(p), a^((^) = ap{ipy. 
Note that (p i-> a^{(p) is complex linear, while (p i-)- 0/3(^9) is anti-linear and 

a^{ip)fll3 = fl^ ^/p(f, a^((^)0^ = yTTpc^ 

so the thermal annihilation operator does not annihilate the thermal vacuum, but rather 
creates a hole. The operators a*(</') satisfy the canonical commutation relations 

Mip),ap{ilj)] = [4(<^),4(^)] =0, [a^(<^),4(^)] = (<^,^)^(l®i). (2.3.6) 

and transform according to 

U0{y,R)a*{^)U0{y,R)-' = aj(^(,,^)), ^^y,n)ip) = e'^MR-'p) (2-3.7) 

under the representation (2.8.4) of E4(8). Again, we proceed to the operator- valued 
distributions a*(p), p G H^: 

= j dHm{p)^{p)afi{p), a\{ip) = j dfirn{p)^{p)al{p), 
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with 

= a/I + Ppa(p) (g) 1 + 1 ® ^/Ppa^{p), ^(p) = ^/l + ppa^{p) (g) 1 + 1 (g) y/ppa{p) 
and pp := [exp(/3£:p) — In this notation the CCR relations read 

a^(?)] = ^ 0' [o/sb)' ^ 2£p(5(p - q)(l <8 1) 

and the p G transform according to 

under £4(8). 

Since the scalar free field in the thermal representation 

is merely a superposition of two scalar free fields in the vacuum representation, it is 
more or less straightforward to see that the Wightman properties from the vacuum case 
(see Proposition 2.2.9) carry over to the thermal case. We give a brief outhne of the 
proofs. 

Proposition 2.3.6. Let f e ^(]R^1R). Then: 

i) The subspace Fp^Q of vectors of finite particle number is contained in the domain 
of each (/) 13(f ) and stable under the action of these operators. 

a) The map f 1-^ (j)p{f)'^ , ^ e J-^^q is a vector-valued tempered distribution. 

Hi) Each (p^{f) is essentially self-adjoint. 

Moreover: 

iv) Each (ppif) satisfies the Klein-Gordon equation: 0^((n + Tn^)f) — 0. 

v) Each (ppif) transforms covariantly under the representation (2.3.4) o/E4(3); 

Ufsiy,R)Mf)U(siy,Rr''^ = Mfiy,R))'^^ iv^R) e E4(3), ^ G J'^,^. 

vi) For * e J^^fi and f,g e J^(R^, R) there holds 

Proof, i) Since the multiplication operator p does not change the particle number, the 
statements J^^,o C and <i)^{f)J-pfi C J-^^ follow from the corresponding prop- 

erties of the vacuum representation. 

a) Let '^k,i = ^fc®"^ e Hk®TLimth.k,l e Nq. Using the basic bounds ||a#((/9)^fe|| < 
\/k + lll^^llll^'fell for creation and annihilation operators in the vacuum representation. 
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one obtains the following bounds for the creation and annihilation operators in the AW 
representation: 



a*(U)^k,i\\ < 



Vk + i\\y/iVpU\\ + VT+i\\^f, 



l^fellll*;! 



< C^,^ • Vmax(A;,0 + l||*fe||||*/ 



dl^m{p)\f+{p)\' 



1/2 



(2.3.8) 



where C^^m is a positive constant independent of /. As the right hand side depends 
continuously on / in the Schwartz space topology, the assertion follows. 

in) Using the bound (2.3.8), one can show along the same lines as in [BR97, 
Prop. 5. 2. 3] that each \I' G J^j^^ is an entire analytic vector for 4>i3{f). By Nelson's 
analytic vector theorem the statement follows. 

iv) For g:^(n + m^)f, f e ^(R^ R) holds g+{p) = (-el + + m'^)f(ep,p) = 
and the statement follows from the linearity of (j) 13(f)- 

v) This follows from the covariance properties (2.3.7) of the operators a^{if). 

vi) This follows from the CCR relations (2.3.6). □ 

The field 0/3 (/) yields the familiar two-point function from thermal field theory: 

wf\f,g):={np,Mf)M9)^p) 

^{f,{l + p)g) + {g,pf) 

dpmip) 



f+ip)9+ip)_ ^ 9+{p)f+{p) 



1-e- 



J dxf{x) J dyg{y) J dfimip) 



-ip-{x-y) 



+ 



1 — e~p^p eP^p — 1 



We will write w^"^(xi, . . . , Xn) for the distributional kernels of the higher n-point func- 



tions Wg^\fi, . . . , fn)- For the two-point function we find in momentum space 



wf\p,q) 



{27r)'6{p + q) 



2er 



S{Po-£p) _^ S{po + ep) 



-/Sep 



o/3£p 



Since the state oujs is quasifree, the higher n-point functions vanish for n odd, i.e. 
w^^\xi, . . . , X2n+i) — 0, n > and the even n-point functions decompose into sums 
of products of two-point functions in the following way: 



w 



{xi,...,X2n) ^'^Yl^^f\x^{k),Xn{k+n)), ^ G N, 



TT k=l 



where the sum runs over all permutations tt of the set {1, . . . , 2n} satisfying 



7r(l) < ■ ■ ■ < 7r(n), 7r(/c) < n{k + n), k = 1, . . . ,n. 
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Next we proceed to the net of bounded operators which is generated by the fields 
0/3(/)- We denote the self adjoint closure of by the same symbol and by Borel 

functional calculus exp(i0^(/)) is a unitary on "H^. By construction there holds 

We will write := 7rp{V{f)). Prom the covariance and locality properties of the 

thermal scalar free field follows that the map 

]r4 3 o ^ 21^(0) .= . supp(/) c Oy (2.3.9) 

is an E4(3)-covariant and local net of von Neumann algebras. 



2.4 Deformation of the thermal scalar free field 



In this section we define a deformation of the scalar free field in the AW representation 
along the same lines as in [GL07] by means of deformed creation and annihilation oper- 
ators. The important difference is that we do not use the action of the entire translation 
subgroup, but rather an H^-action which amounts to translations along the edge of the 
wedge Wq. This special form of the action appears to be suitable in this setting since it 
allows us to establish the wedge-locality of the deformed thermal field operators, despite 
the fact that the spectrum condition is not fulfilled. 



Definition 2.4.1. For p e if + define 
with 



(2.4.1) 



d e Mat_(4,]R) 



(0 








o\ 

























^0 





— K, 





■.Ken 



Renicirk 2.4.2. Note that the a*g(p) are the warped convolution of the a*(p) with 
respect to translations along the edge = of the wedge Wq- 

From the definition (2.4.1) we see that 

a^M = ^/T+ypae{p) (g) e'^'^ + e''^''' (g) v^4(p) (2.4.2) 
= + ® e-'P-'^ + e^^-^^ ^paeip), (2.4.3) 

where aQ{p) = e~^^'^^a{p) and al{p) = e^"^'^^ a) [p) are the deformed annihilation and 
creation operators from [GL07] . The following lemma collects the covariance properties 
of these operators. 
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Lemma 2.4.3. Let {y,R) e £4(3) and p e H+, 9 G Mat_(4,lR). Then 

U^{y,R)a^,e{p)U0{y,Rr' = e-^«*"^a^,«,«T (i^p) 
U^(y,R)al/p)U0{y,R)-' = e'^'^-'al^.^ARp). 

Proof. Use 

U{y, R)ae{p)U{y, R)-^ = e-^^^-^a«,^T(i?p) 
U{y, R)alip)Uiy, R)'^ = e^^^"^a^,^,(it:p) 

from [GL07, Lem.2.1] together with 

U{y, R)e'P '''U(y, R)'^ = e^«p-^^^"^ 

and the fact that the multiplication operator p commutes with U{y, R), {y, R) e £4(3). 

□ 

Corollary 2.4.4. ae^pip)* = 

Proof. Use e'^'^'^i^ap{p) — e"*^'^a;3(p)e*^'-'^'3 a^d the antisymmetry of the matrix 9. □ 

The next lemma collects the exchange relations of the deformed thermal creation and 
annihilation operators. As a special case, we obtain commutation relations for operators 
with opposite deformation parameters. 

Lemma 2.4.5. Letp,p' e H+ and 9,9' e Mat_(4,]R). Then 

Hence, for 9' = —9 there holds 

Proof. Use the Definition (2.4.1) and Lemma 2.4.5 □ 

For the definition of the deformed fields we proceed to smeared creation an annihi- 
lation operators: 

(<^) := J dfirn{p)^{p)a(3,e{p), al,e{v) ■= J dpm{p)^{p)al,eiP)^ <^ G ^1. 
Definition 2.4.6. Let 9 e Mat_(4,R) and / e ^(]R'',R). Define 

Mf) ^MU) + (2.4.4) 
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Remark 2.4.7. Note that this field is, in contrast to (2.3.5), not merely a superposition 
of two (deformed) vacuum fields from [GL07] , due to the presence of the extra translation 
operators in (2.4.2) and (2.4.3). 

The following proposition collects the basic Wightman properties of (2.4.4). The 
proofs are in fact very similar to [GL07, Prop. 2. 2], so we will be brief. 

Proposition 2.4.8. (Wightman properties of the field 0/3,e(/)). 
Let f e ^(1R^ R) and 9 e Mat_(4, R). Then: 

i) The subspace J-'p^ of vectors of finite particle number is contained in the domain 
of each (l)p,e{f) o-nd stable under the action of these operators. 

a) The map f i->- (jyp^e^f)'^ , ^ e F^fi is a vector-valued tempered distribution. 

Hi) Each 0^,0 (/) is essentially self-adjoint. 

Proof, i) Since the translation operators do not change the particle number, there holds 
Fpfl C D{(t)^fi{f)) and 0/3,e(/)^/3,o C Fp^ by the corresponding property of the unde- 
formed operators (see Proposition 2.3.6). 

ii) Let ^!k,i = k ®% ^ with k, I e INq. Using the bound (2.3.8) for the 
thermal creation operator and the fact that |e*^''''| = 1, p, g G IR, there follows 



\a*Q{U)^k,i\\ < Cp,m ■ Vmax(A;,/) + l||^'fe||||^'i 



dfJ^mip)\f+ip)\ 



1/2 



(2.4.5) 



where Cis^m is a positive constant independent of /. As the right hand side depends 
continuously on / in the Schwartz space topology, the assertion follows. 

Hi) Using the bound (2.4.5), one can show along the same lines as in [BR97, 
Prop. 5. 2. 3] that each ^ G J^fj^ is an entire analytic vector for (t)pfi{f). By Nelson's 
analytic vector theorem the statement follows. □ 

Proposition 2.4.9. (Covariance of the field operators 0^_g(/)). 
Let f G ^(1R^ M) and 9 G Mat_(4, H). Then: 

Ufiiy, R)(f)0,0if)Up{y, R)-^ = (f>fi,mR^if{y,R)), f{y,R)i^) = fiR~\^ - v)) 
for all {y,R) G £4(3). 

Proof. This follows from Lemma 2.4.3. □ 

Theorem 2.4.10. (Wedge-locality of the field operators 4>0^e{f)). 
Let f,ge ^(1R^ R) and 9 G Mat_ (4, R) . Then 

,e(/)>/3,-e(5)]* = 0, *GJ)3,o, 



z/supp(/) C Wo and supp(5f) C {Wq)'. 
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Proof. By Lemma 2.4.5 there holds 

Let * e J^j.o- Then 

(2 [0/3,0 (/) ,0/3-0 (5)] fe,i , Q{1) ) 

= J diimip)l^f+i-p){92ea)+ip) - f+{p){92ea)+{-p)^ ■ *M(P(fe)'?(0) 

where we used the notation 

P(k) ■■= {pi, ■■■,Pk), q(i) ■■= {qi, ■■■,qi), Pj,qj e 

and a := Yln=i Pn - Tfn'=i^n'- Since Ylt=iPn,Yln'=i(ln' e V+ we have a e M"^ but 
9a e Ewo C W^o- Hence 

supp(5'2ea) cWo', aeU'^ 
and the wedge-locality follows from the wedge-locality of the undeformed field. □ 

Remcirk 2.4.11. This pedestrian way of proving wedge locality can be understood from 
a more general point of view by using a result from [BLSll]. The authors show that 
the warped operators A0 and B_0 commute, if [a0p{A),a-Oq{B)] = holds for all p,q 
in the joint spectrum of the generators of the spacetime translations. In our case this 
condition is trivially satisfied for all p,q E due to the special form of the matrix 9. 

Next we compute the n-point functions 

■■■Jn)^ (f^/3, 0/3,0(/l) ■ ■ ■ (t>f},e{fn)^fi) 

of the deformed thermal fields. Their distributional kernels are most conveniently ex- 
pressed in momentum space. The structure that we obtain is very similar to the vacuum 
case [GL07]. 

Proposition 2.4.12. (Deformed n-point functions for the field (ppfiif))- 
Let n e INT and Pi, ■ ■ ■ ,Pn ^ H^. Then 

wf}{pi,...,Pn)= n e^"-^^^"Hpi,...,p„). 

l<k<l<n 

Proof. The Fourier transform (f)i3,e{p) of (f)^fi{x) reads 

hAp) = ^''-''''h{p) = h{py''-''''. 
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where ^/^(p) is the Fourier transform of (p^ix). The last equality follows from the co- 
variance of the field and the antisymmetry of 9. Again, by covariance there holds 

The statements follows from an iteration of this equality together with the translation 
invariance of Q^. □ 

After we have described the deformation of a single operator (pp^f), we now come to 
the deformation of the net W h-)- ^&.p{W) from (2.3.9). This net is, in particular, wedge- 
local and we focus on localization in wedges, since this turns out to be stable under the 
deformation. The deformed net 2t/3,K, k G IR will be defined in terms of exponentiated 
deformed thermal field operators: We denote by (ppfiif) the self-adjoint closure of (2.4.4) 
and define 

Vpfiif) := exp(i(/)^,0(/)), / e f)^. 
Prom the covariance of the fields (see Proposition 2.4.9) follows 

U{y,R)VM)U{y.RV = Vp,R0RT{f^y,R)), {y,R) e £4(3), / e l)m. (2.4.6) 
Moreover, the following lemma holds. 

Lemma 2.4.13. Let f,g &i)m with supp(/) C Wq, supp(5() C Wq'. Then 

Proof. In part iii) of Proposition 2.4.8 we have shown that each "if e q is an entire 
analytic vector for 0/3,6>(/)- Similarly, one can show that Vp^-g{g)'i/, G T^^q is also an 
entire analytic vector for 0^,6»(/)- Hence, for ^ G we can compute the commutator 
with the power series 

00 -n+n' 
n,n =0 

Now the statement follows from Theorem 2.4.10. □ 

As we mentioned in Section 2.1, the group £4(3) does not act transitively on the set 
of wedges W. Hence it is not sufficient to prescribe the deformation of a single initial 
algebra to generate a net as in Section 1.2, but we rather need to specify a collection 
of algebras — one for each W[s,e]- Let (s, e) be a representative of the equivalence class 
[s, e] and define 

2^r. ■■= {VpA.is)OA.isAf) : supp(/) C Ae{s)Wo}". 
Theorem 2.4.14. There holds 

i) (y,R)A,(s)Wo C A,(s)Wo =^ a^yM^'P ^ ^Z' 
n) {y,R)A,{s)Wo C {A,{s)Woy ^ a(.,«)(2H;fJ C {mXJ 
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Proof, i) By assumption we have (Ae(s) ^|/, Ae(s) ^RKe{s))WQ C W^o; which implies 

K{s)-^RK{s)e{K{s)-^RK{s)Y = e. 

by [GL07, Lem.3.1]. Hence 

RK{s)eKe{sfR^ = K{s)eK{sf (2.4.7) 

For Vp^xAs)eh^{s)T{f) e 971^;^ there holds 

U{y,R)V/j,A^(s)eA^{s)T{f)U{y,Ry'^ = Vp^RA^(s)eK^{s)T RT{f(y,R)) = V'^,Ae(s)9Ae(s)T(/(y,R)) 

by covariance (2.4.6) and (2.4.7). As supp{f^y^R)) C {y,R)Ae{s)Wo C Ae(s)H^o by 
assumption, we find 

U{y,R)V^,A^^,)eA.^sr{f)U{y,R)-' e m^,. 
The assertion follows by taking the weak closure of 

{U{y,R)Vf,^A.^,)eA.is)T{f)Uiy,R)-' : supp(/) C A.{s)Wo}. 

ii) There holds (Ae(s)H/o)' = K{s)Wo' and (Ae(s)-^i/, Ae(s)-ii?Ae(s))VFo C Wo' 
by assumption. This implies 

A,{s)-'RAe{s)e{Ae{sr'RAe{s)f = -e. 

by [GL07, Lem.3.1]. Hence 

RA^(s)eA^{sfR^ = -Ae(s)Me(s)^. (2.4.8) 

Let /, / e f)^, with supp(/), supp(/) C Ae(s)Wo; and consider 

Then 

U{y,R)V^^Xe{s)eKe{s)'rU)U{y,R)~^ = V'^,ilAe(s)eAe(s)ril^(/(j/,fl)) = -Ae(s)eAe (s)^ (/(2/,il) ) 

by covariance and (2.4.8). Hence 

[U {y, R)V0^A,^,)0A,^s)T{f)U{y, R)-\ l^^,Ae(.)eAe{s)^(/)] 

= aAe(s)(^[Vf3,-e{f(o,Ae{s)-^){y,R))), Vi3,eif{o,Ae{s)-^))]^ ■ (2.4.9) 
As supp(/), supp(/) C Ae(s)Wo by assumption, there holds 

SUpp(/(o,Ae{s)-l)) C Wo, SUpp(/(o,AeW-l)(2;,R)) C Wq' . 

Hence by Theorem 2.4.10 the commutator (2.4.9) vanishes, i.e. 

U{y,R)V^,A.^,)eA.is)T{f)U{y,R)-' e {WlXJ. 
The assertion follows by taking the weak closure of 

{U{y,R)Vp^^^^,)eA^^,^T{f)U{y,R)-' : supp(/) C A,{s)Wo}. 

□ 
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Corollary 2.4.15. The map 

W - RAe{s)Wo + c^iy,R)mZ) - "^pAW). 

is an E4 (3) -covanant and wedge-local net of von Neumann algebra. 

As Haag-Ruelle scattering theory is not available in representations which are asso- 
ciated with KMS states [NRT83], we use the following more indirect method to show 
that the model which we have constructed is actually something new and not the old 
theory rewritten in a complicated way. 

Theorem 2.4.16. The nets 21/3 O'^d ^p,K cb^e unitarily inequivalent for k ^ 0. 

Proof. Consider the wedge Wo together with a rotation in the {x^, x^)-plane about a 
fixed angle -d > and define 

IC:=r^Wonr_^Wo, \^\ < |. 

Pick some / G f)^ with supp(/) C JC. Obviously there holds supp(/), supp(/r_^) C Wq 
and by covariance we have 

In the first step, we show that the operators (p/s^eif) ^-nd (t)^^^^0j.T{f) are affiliated 
with the algebra 21/3, ^(M^o) V 2l/3,K(r^M^o)- The line of argument is essentially the same 
as in the proof of [Lecll, Thm.5.2], but we include it for matters of completeness. First 
we show that F :— 4>0,e{f) is affiliated with 21^,k(M/o)- Let ^ e D{F) be a vector in 
the domain of F and £ J^p,o a finite particle vector. As F* changes the particle 
number only by a finite amount, it follows that ^0 and F*\E'o are entire analytic vectors 
for G' := (f)i3-eig') with g' G [)m and supp(5f') C Wq'. Since F* and {G')^ commute on 
J-'j3fi for all k e IMo by Theorem 2.4.10, there follows 

(*o, e'^'F^) = {F*e-'^'^o, *> 

k=0 

A:=0 

= {^o,Fe'^'-^) 

As J>,o is dense in Hp, there holds e^^'F* = Fe^^'* for all e D{F). Now, this 
identity also holds for all operators in the *-algebra 2t which is algebraically generated 
by exp{i(l)j3^g{g')) with supp(g') C Wq'. Moreover, any A' G 21/3, ^(W^o)' is a weak hmit 
of a sequence ^4^ in 21 and since A^F^' = FA'^"^ is stable under taking weak limits 
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there follows A'F^ = FA'^ for all A' e 2l^,«(lVo)', i.e. F is affihated with 2l^,«(Wo). 
The proof that 4)p.^^Q^T{f) is affihated with 2l^,K(r^VFo) works the same way. Hence 
4>0,e{f) and (pp^r^er'^ if) are affihated with the generated von Neumann-algebra 21/3,k(Wo) V 

Now, from the translation invariance of the state oup follows 

The KMS condition implies that is separating for TTisi^rn)" (see Proposition 2.3.2), 
so it is also separating for 2l^(l^o) V ^^{r^Wo). For a contradiction, assume that is 
also separating for the deformed algebra ^0,k{Wo) V 2l/3,K(r^Wo)- Then 

Mf) = 4>p,r,erl{f). (2.4.10) 

since 0/3,6»(/) and (f>i3^r^grT{f) arc affiliated with this algebra. We proceed by showing that 
these operators are in fact not equal. Consider the Fock vector ip^Q, ip G "Hi describing 
a one-particle, no-hole state. For the undeformed thermal creation and annihilation 
operators there holds 

a,3iv){'ilj (g) Cl) = (v^l + + y/pip 

a^((^)(V'<8)0) = {^/lV~p^®s i^)®^. 

Hence, for the 1,1-contribution of the deformed thermal creation and annihilation oper- 
ators we obtain (see Definition 2.4.1) 

{[ap,B{^) + 4,e(97)](^ ® ^))i,i{p, q) = {apA'PK^ ® ^))i,i(P, Q) = e"i'^''i^{p)^g ■ 
which implies 

(2.4.11) 

for all / e i)m: i/^ & Til and p,q E by (2.4.10). Excluding the trivial case /, = 
we find 

q-{e- TifOrDp = 2TTk, (2.4.12) 

for some k = k{p,q) G Z. As the matrix 6 is antisymmetric, there holds k{p, p) = for all 
p G This and the continuity of {p, q) i— )■ k{p^ q) implies that k{p, (?) = for all p, q G 
Since the matrix elements (2.4.12) coincide for all p,q E i/^, it follows that the 
matrices 9 and Tr^Or^ must coincide. However, as 9 A i-> A9A^ is a homomorphism 
of homogeneous spaces [CL07, Lem.3.1], there follows — which contradicts our initial 
assumption about the rotation r^. Hence is in fact not separating for 21^,k(Wo) V 
2l/3,.(r^W^o). 

If the nets 21^ and 21^,^ were unitarily equivalent, there would exist a unitary V, such 
that V*%^^{W)V = %{W) for aU e W and VQ/s = Qp. But such a unitary would 
clearly preserve the separating property for wedge- algebras, from which we conclude 
that 21^ and 21/3,k are not unitarily equivalent. □ 



Chapter 3 



Quantum Field Theories on 
Cosmological Spacetimes 

In order to apply the deformation scheme from Section 1.2 to quantum field theories on 
curved manifolds, we will consider in this chapter spacetimes with a sufficiently large 
isometry group containing two commuting Killing fields, which give rise to a representa- 
tion of as required in (1.2.3). This setting is wide enough to encompass a number of 
cosmologically relevant manifolds such as the Bianchi type models I- VII. Making use of 
the algebraic framework of quantum field theory, we can then formulate quantum field 
theories in an operator-algebraic language and study their deformations. Despite the 
fact that the warped convolution was invented for the deformation of Minkowski space 
quantum field theories, it turns out that all reference to the particular structure of fiat 
spacetime, such as Poincare transformations and a Poincare invariant vacuum state, can 
be avoided. 

We are interested in understanding to what extent the familiar structure of quantum 
field theories on curved spacetimes is preserved under such deformations, and investigate 
in particular covariance and localization properties. Concerning locality, it is known that 
in warped models on Minkowski space, point-like localization is weakened to localization 
in wedges [GL07, BS08, GL08, BLSll]. Because of their intimate relation to the Poincare 
symmetry of Minkowski spacetime, it is not obvious what a good replacement for such a 
collection of regions is in the presence of non- vanishing curvature. In fact, different defi- 
nitions are possible, and wedges on special manifolds have been studied by many authors 
in the literature [Kay85, BB99, RehOO, BMSOl, GLR+01, BS04, LR07, StrOS, Bor09]. 

This chapter is structured as follows. In Section 3.1 we show that on those four- 
dimensional curved spacetimes which allow for the application of the deformation meth- 
ods from [BLSll], and thus carry two commuting Killing fields, there also exists a family 
of wedges with causal properties analogous to the Minkowski space wedges. Because 
of the prominent role wedges play in many areas of Minkowski space quantum field 
theory [BW75, Bor92, BorOO, BD+00, BGL02], this geometric and manifestly covariant 
construction is also of interest independently of its relation to deformations. 

In Section 3.2, we then consider quantum field theories on curved spacetimes, and 
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deform them by warped convolution. We first show that these deformations can be 
carried through in a model-independent, operator-algebraic framework, and that the 
emerging models share many structural properties with deformations of field theories on 
fiat spacetime (see Section 3.2.1). In particular, deformed quantum fields are localized in 
the wedges of the considered spacetime. These and further aspects of deformed quantum 
field theories are discussed in the concrete example of a Dirac field in Section 3.2.2. 



To prepare the ground for our discussion of deformations of quantum field theories on 
curved backgrounds, we introduce in this section a suitable class of spacetimes and 
study their geometrical properties. In particular, we show how the concept of wedges, 
known from Minkowski space, generalizes to these manifolds. Recall in preparation 
that a wedge in four-dimensional Minkowski space is a region which is bounded by two 
non-parallel characteristic hypcrplanes [TW97], or, equivalently, a region which is a 
connected component of the causal complement of a two-dimensional spacelike plane. 
The latter definition has a natural analogue in the curved setting. Making use of this 
observation, we construct corresponding wedge regions in Section 3.1.1, and analyse 
their covariance, causality and inclusion properties. At the end of that section, we 
compare our notion of wedges to other definitions which have been made in the literature 
[BB99, BMSOl, BS04, LR07, BorOQ], and point out the similarities and differences. 

In Section 3.1.2, the abstract analysis of wedge regions is complemented by a number 
of concrete examples of spacetimes fulfilling our assumptions. 

3.1.1 Edges and wedges in curved spacetimes 

Let (Af , g) be a globally hyperbolic spacetime manifold^. To avoid pathological geo- 
metric situations such as closed causal curves, and also to define a full-fiedged Cauchy 
problem for a free field theory whose dynamics is determined by a second order hy- 
perbolic partial differential equation, we will restrict ourselves to globally hyperbolic 
spacetimes. So in particular, M is orientable and time-orientable, and we fix both 
orientations. The (open) causal complement of a set C C M is defined as 



where J^{0) is the causal future respectively past of O in M [Wal84, Section 8.1]. 
While this setting is standard in quantum field theory on curved backgrounds, we will 
make additional assumptions regarding the structure of the isometry group Iso(M, g) 
of (M, g), motivated by our desire to define wedges in M which resemble those in 
Minkowski space. 

Our most important assumption on the structure of (M, g) is that it admits two 
linearly independent, spacelike, complete, commuting smooth Killing fields ^1,^2, which 
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O' ■=M\ J+{0)UJ-{0) , 



(3.1.1) 



Our conventions concerning curved spacetimes are collected in Appendix A 
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will later be essential in the context of deformed quantum field theories. We refer here 
and in the following always to pointwise linear independence, which entails in particular 
that these vector fields have no zeros. Denoting the flows of ^i, ^2 by (p^^,(p^^, the orbit 
of a point p e M is a smooth two-dimensional spacelike embedded submanifold of M, 

E := inusAn^M) e M : Si,S2 e H}, (3.1.2) 

where si, S2 are the flow parameters of Ci,C,2- 

Since M is globally hyperbolic, it is isometric to a smooth product manifold R x S, 
where E is a smooth, three-dimensional embedded Cauchy hypersurface. It is known 
that the metric splits according to g = /3dT^—h with a temporal function T : RxE — > H 
and a positive function (3 e C°°(]R x E, (0, 00)), while h induces a smooth Riemannian 
metric on E [BeSaOS, Thm.2.1]. We assume that, with E as in (3.1.2), the Cauchy 
surface E is smoothly homeomorphic to a product manifold I x E, where / is an open 
interval or the full real line. Thus M = JRx I x E, and we require in addition that there 
exists a smooth embedding i : ]R x 7 — )■ M. By our assumption on the topology of /, it 
follows that (R X 7, i*g) is a globally hyperbolic spacetime without null focal points, a 
feature that we will need in the subsequent construction of wedge regions. 

Definition 3.1.1. A spacetime (M, g) is called admissible if it admits two linearly 
independent, spacelike, complete, commuting, smooth Killing fields ^1,^2 and the corre- 
sponding split M = R X 7 X with E defined in (3.1.2), has the properties described 
above. 

The set of all ordered pairs ^ := (^1,^2) satisfying these conditions for a given ad- 
missible spacetime (M, g) is denoted 5(M, g). The elements of 5(M, g) will be referred 
to as Killing pairs. 

For the remainder of this section, we will work with an arbitrary but fixed admissible 
spacetime (M, g), and usually drop the (M, g)-dependence of various objects in our 
notation, e.g. write S instead of S(M, g) for the set of KiUing pairs, and Iso in place 
of Iso(A7, g) for the isometry group. Concrete examples of admissible spacetimes, such 
as Friedmann-Robertson- Walker-, Kasner- and Bianchi-spacetimes, will be discussed in 
Section 3.1.2. 

The flow of a Killing pair ^ G S is written as 

n,s — nusi ° n2,s2 = n2,s2 ° nusi > C = (Ci, 6) e s, « = (si, ss) e r^ (3.1.3) 

where Si,S2 G IR are the parameters of the (complete) flows (p^i,^^2 of ^1)^2- By 
construction, each ip^ is an isometric R^-action by diffeomorphisms on (M, g), i.e. cp^^s £ 
Iso and (p^^s'^^^u = V^?,s+« for all s,u E R^. 

On the set S, the isometry group Iso and the general linear group GL(2, R) act in a 
natural manner. 

Lemma 3.1.2. Let h e Iso, N e GL{2,1R), and define, ^ = (Ci,6) ^ 



h4 := {Kii, Ki2) , 



(3.1.4) 
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(iVO(p) := iV(ei(p),6(p)) , P e M. (3.1.5) 

These operations are commuting group actions of Iso and GL(2, R) on E, respectively. 
The GL{2,TR)-action transforms the flow of ^ & E according to, s e M^, 

'PNi,s = 'P^,NTs ■ (3.1.6) 

// = for some ^eE, he Iso, N G GL{2, M), then det N = ±1. 

Proof. Due to the standard properties of isometries, Iso acts on the Lie algebra of 
Killing fields by the push-forward isomorphisms i— )■ /i^^^i [0'N83]. Therefore, for 
any ((^1,^2) € S, also the vector fields /i*i^i,/i*^2 are spacelike, complete, commuting, 
hnearly independent, smooth Killing fields. The demanded properties of the sphtting 
M = IR X / X directly carry over to the corresponding split with respect to h^,^. So 

maps S onto S, and since /i*(A;*.^i) = {hk)^^i for h,k e Iso, we have an action of Iso. 

The second map, ^ h- )■ A^.^, amounts to taking linear combinations of the Killing fields 
^1, ^2- The relation (3.1.6) holds because ^1, ^2 commute and are complete, which entails 
that the respective flows can be constructed via the exponential map. Since det N 0, 
the two components of are still linearly independent, and since E (3.1.2) is invariant 
under ^ 1— ?> N^, the splitting M = lRx/xi?is the same for ^ and A^^. Hence A^^ G S, 
i.e. ^ is a GL(2, R)-action on S, and since the push-forward is linear, it is clear 

that the two actions commute. 

To prove the last statement, we consider the submanifold E (3.1.2) together with its 
induced metric. Since the Killing fields ^1, ^2 are tangent to E, their fiows are isometries 
of E. Since h^,C, = and E is two-dimensional, it follows that acts as an isometry 
on the tangent space TpE, p E E. But as E is spacelike and two-dimensional, we can 
assume without loss of generality that the metric of TpE is the Euclidean metric, and 
therefore has the two-dimensional Euclidean group E(2) as its isometry group. Thus 
A^ G GL(2, R) n E(2) = 0(2), i.e. det A^ = ±1. □ 

The GL(2, R) -transformation given by the flip matrix 11 := (^ q) will play a special 
role later on. We therefore reserve the name inverted Killing pair of ^ = (^1, ^2) £ S for 

e':=ne=(6,ei). (3.1.7) 

Note that since we consider ordered tuples (^i,G), the Killing pairs ^ and ^' are not 
identical. Clearly, the map ^ ^' is an involution on S, i.e. (^')' = ^. 

After these preparations, we turn to the construction of wedge regions in M, and begin 
by specifying their edges. 

Definition 3.1.3. An edge is a subset of M which has the form 

Ei,p ■■= WUp) e M : s G R2} (3.1.8) 

for some ^ G S, p G M. Any spacelike vector p G TpM which completes the gradient of 
the chosen temporal function and the Killing vectors ^i{p) , ^,2ip) to a positively oriented 
basis (VT{p) , ii{p) , i2{p) , n^,p) of TpM is called an oriented normal of E^^p. 
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It is clear from this definition that each edge is a two-dimensional, spacelike, smooth 
submanifold of M . Our definition of admissible spacetimes M = IR x / x explicitly 
restricts the topology of /, but not of the edge (3.1.2), which can be homeomorphic to 
a plane, cylinder, or torus. 

Note also that the description of the edge E^^p in terms of ^ and p is somewhat redun- 
dant: Replacing the Killing fields ^i, ^2 by linear combinations ^ := N^, N G GL(2, IR), 
or replacing phj p ■= 'f^,uip) with some u G IR^, results in the same manifold = E^^p. 

Before we define wedges as connected components of causal complements of edges, we 
have to prove the following key lemma, from which the relevant properties of wedges fol- 
low. For its proof, it might be helpful to visualize the geometrical situation as sketched 
in Figure 3.1. 




Figure 3.1: Three-dimensional sketch of the wedge W^^p and its edge E^^p 

Lemma 3.1.4. The causal complement E'^^ of an edge E^^p is the disjoint union of two 
connected components, which are causal complements of each other. 

Proof. We first show that any point g G -E^p is connected to the base point p by a 
smooth, spacelike curve. Since M is globally hyperbolic, there exist Cauchy surfaces 
Sp, Eg passing through p and g, respectively. We pick two compact subsets Kq C S^, 
containing g, and Kp C Sp, containing p. If Kp, Kg are chosen sufficiently small, their 
union Kp U Kg is an acausal, compact, codimension one submanifold of M. It thus 
fulfills the hypothesis of Thm. 1.1 in [BeSa06], which guarantees that there exists a 
spacelike Cauchy surface S containing the said union. In particular, there exists a 
smooth, spacelike curve 7 connecting p = 7(0) and q = 7(1). Picking spacelike vectors 
V G TpS and w G T^S, we have the freedom of choosing 7 in such a way that 7(0) = v and 
7(1) = w. If V and w are chosen linearly independent from ^i(p),^2(p) and ^i(g),^2(g), 
respectively, these vectors are oriented normals of E^^p respectively E^^g, and we can 
select 7 such that it intersects the edge E^^p only in p. 
Let us define the region 



44 



Chapter 3. Quantum Field Theories on Cosmological Spacetimes 



W^,p := {q e % : 3 7 G C\% 1], M) with 7(0) = p, 7(1) = g, E^^^ n 7 = {p}, 

7(0) is an oriented normal of E^^p, 7(1) is an oriented normal of -Eg,^} , 

'(3.1.9) 

and, exchanging with the inverted Killing pair ^' ^ we correspondingly define the region 
W^'^p. It is clear from the above argument that W^^p U = E'^^^ and that we can 

prescribe arbitrary normals n, m of E^^p, E^^g as initial respectively final tangent vectors 
of the curve 7 connecting p to g e W^^p. 

The proof of the lemma consists in establishing that W^^p and W^/^p are disjoint, 
and causal complements of each other. To prove disjointness of W^^p, VF^',p, assume 
there exists a point q G W^^p fl W^'^p. Then q can be connected with the base point 
p by two spacelike curves, whose tangent vectors satisfy the conditions in (3.1.9) with 
^ respectively By joining these two curves, we have identified a continuous loop A 
in E'^p. As an oriented normal, the tangent vector A(0) at p is linearly independent of 
Clip) , ^2{p) , SO that A intersects E^.p only in p. 

Recall that according to Definition 3.1.1, M splits as the product M = IR x / x E^^p, 
with an open interval / which is smoothly embedded in M. Hence we can consider 
the projection 7r(A) of the loop A onto /, which is a closed interval 7r(A) C / because 
the simple connectedness of / rules out the possibility that 7r(A) forms a loop, and on 
account of the linear independence of {C,i{p),C,2{p),n^^p}, the projection cannot be just 
a single point. Yet, as A is a loop, there exists p' E \ such that 7r(p') = 7i{p). We also 
know that 7r~^({7r(p)}) = IR x {7i{p)} x E^^p is contained in J~^{E^^p) U E^^p U J~{E^^p) 
and, since p and p' are causally separated, the only possibility left is that they both lie 
on the same edge. Yet, per construction, we know that the loop intersects the edge only 
once at p and, thus, p and p' must coincide, which is the sought contradiction. 

To verify the claim about causal complements, assume there exist points q G W^^p, 
q' G W^'^p and a causal curve 7 connecting them, 7(0) = q, 7(1) = q'. By definition of the 
causal complement, it is clear that 7 does not intersect E^^p. In view of our restriction 
on the topology of M, it follows that 7 intersects either J+(£'^_p) or J~{E^^p). These 
two cases are completely analogous, and we consider the latter one, where there exists 
a point g" G 7 n J~{E^ p). In this situation, we have a causal curve connecting q G W^^p 
with q" G J~{E^^p), and since q ^ J~{q") C J~{E^^p), it follows that 7 must be past 
directed. As the time orientation of 7 is the same for the whole curve, it follows that 
also the part of 7 connecting q" and q' is past directed. Hence q' G J~{q") C J~{E^^p), 
which is a contradiction to q' G W^',p. Thus W^',p C W^J. 

To show that W^'^p coincides with W^^p, let q G W^J = W^^p C E'^^ = W^^p U 
Yet q G W^^p is not possible since q G W^,/ and W^^p is open. So g G W^i^p, i.e. we have 
shown W^J C and the claimed identity W^/^p = W^J follows. □ 
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Lemma 3.1.4 does not hold if the topological require- 
ments on M are dropped. As an example, consider a cylin- 
der universe IR x 5*^ x IR^, the product of the Lorentz cylin- 
der ]Rx,S^ [0'N83] and the Euclidean plane The trans- 
lations in the last factor define spacelike, complete, 
commuting, linearly independent Killing fields ^. Yet the 
causal complement of the edge E^^p = {0} x {1} x R^ 
has only a single connected component, which has empty 
causal complement. In this situation, wedges lose many of 
the useful properties which we establish below for admis- 
sible spacetimes. 

In view of Lemma 3.1.4, wedges in M can be defined as follows. 
Definition 3.1.5. (Wedges) 

A wedge is a subset of M which is a connected component of the causal complement of 
an edge in M. Given ^ e S, p e M, we denote by W^^p the component of E'^^ which 
intersects the curves ^{t) :— expp(in^ p), t > 0, for any oriented normal n^^p of E^^p. The 
family of all wedges is denoted 

W:^{W^,p : ^eS,peM}. (3.1.10) 

As explained in the proof of Lemma 3.1.4, the condition that the curve R^ 3 t ^ 
exppit n^^p) intersects a connected component of E'^^^ is independent of the chosen normal 
n^^p, and each such curve intersects precisely one of the two components of E'^^^. 

Some properties of wedges which immediately follow from the construction carried 
out in the proof of Lemma 3.1.4 are listed in the following proposition. 

Proposition 3.1.6. (Properties of wedges) 

Let W = W^^p be a wedge. Then 

a) W is causally complete, i.e. W" — W , and hence globally hyperbolic. 

b) The causal complement of a wedge is given by inverting its Killing pair, 

c) A wedge is invariant under the Killing flow generating its edge, 

ip^^,{W^^p)^W^^p, seB?. (3.1.12) 

Proof, a) By Lemma 3.1.4, W is the causal complement of another wedge V ^ and there- 
fore causally complete: W" = V" = V = W. Since M is globally hyperbolic, this 
implies that W is globally hyperbolic, too [Key96, Prop. 12.5]. 

b) This statement has already been checked in the proof of Lemma 3.1.4. 

c) By definition of the edge E^^p (3.1.8), we have Lp^^s{E^^p) = E^^p for any s E R^, 
and since the are isometries, it follows that Lp^^s{E'^p) = E'^^. Continuity of the flow 
implies that also the two connected components of this set are invariant. □ 




(3.1.11) 
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Corollary 3.1.7. (Properties of the family of wedge regions) 

The family W of wedge regions is invariant under the isometry group Iso and under 
taking causal complements. For h e Iso, it holds 

Proof. Since isometries preserve the causal structure of a spacetime, we only need to 
look at the action of isometries on edges. We find 

hE^^p ^{ho cp^^, o h-\h{p)) : s e M'} = {^h.Uh{p)) : s G R'} = En^^^n{v) (3.1.14) 

by using the well-known fact that conjugation of flows by isometrics amounts to the 
push-forward by the isometry of the associated vector fleld. Since h^^ G S for any 
^ e S, /i e Iso (Lemma 3.1.2), the family W is invariant under the action of the 
isometry group. Closedness of W under causal complementation is clear from Prop. 
3.1.6 b). □ 

In contrast to the situation in flat spacetime, the isometry group Iso does not act 
transitively on W(M, g) for generic admissible M, and there is no isometry mapping a 
given wedge onto its causal complement. This can be seen explicitly in the examples 
discussed in Section 3.1.2. To keep track of this structure of >V(M, g), we decompose 
H(M, g) into orbits under the Iso- and GL(2, R)-actions. 

Definition 3.1.8. Two Killing pairs G S are equivalent, written ^ ~ ^, if there 
exist h G Iso and G GL(2, IR) such that I = Nh^^. 

As I— 7> and ^ ^-^ h^^ are commuting group actions, ~ is an equivalence relation. 
According to Lemma 3.1.2 and Prop. 3.1.6 b), c), acting with A^ G GL(2, IR) on ^ either 
leaves Wn^,p = W^^p invariant (if detA^ > 0) or exchanges this wedge with its causal 
complement, W^^^p — W^^ (if det A^ < 0). Therefore the "coherent"^ subfamilies arising 
in the decomposition of the family of all wedges along the equivalence classes [^] G S/~, 

W = □ >V[^] , := {W^^^ : f - e, P e M} , (3.1.15) 

take the form 

>Vk] = {Wh.^,p, : h G ISO, PGM}. (3.1.16) 

In particular, each subfamily W[q is invariant under the action of the isometry group 
and causal complementation. 

In our later applications to quantum fleld theory, it will be important to have control 
over causal conflgurations Wi C 14^2 ^^^^ inclusions Wi C W2 of wedges Wi,W2 G W. 
Since W is closed under taking causal complements, it is sufiicicnt to consider inclusions. 
Note that the following proposition states in particular that inclusions can only occur 
between wedges from the same coherent subfamily W[^]. 



^See [BS07] for a related notion on Minkowski space. 
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Proposition 3.1.9. (Inclusions of wedges). 

Let C,,^ G S, p, p e M. The wedges W^^p and W^p form an inclusion, W^^p C W^p, if 
and only if p & '^'^^ there exists N e GL{2, R) with det N > 0, such that ^ — N^. 

Proof (<^=) Let us assume that i = holds for some N e GL(2, IR) with det > 0, 
and p G W^p- In this case, the Killing fields in C, are linear combinations of those in ^, 
and consequently, the edges E^^p and E^p intersect if and only if they coincide, i.e. if 
p G E^^p. If the edges coincide, we clearly have - = W^^p. If they do not coincide, it 
follows from p G W^p that E^^p and E^p are either spacelike separated or they can be 
connected by a null geodesic. 

Consider now the case that E^^p and E^p are spacelike separated, i.e. p G W^p. Pick 
a point q G W^^p and recall that W^^p can be characterized by equation (3.1.9). Since 
p G W^p and q G W^^p, there exist curves jp and jg, which connect the pairs of points 
{p,p) and {p,q), respectively, and comply with the conditions in (3.1.9). By joining ■jp 
and 7g we obtain a curve which connects p and q. The tangent vectors %{!) and 75(0) 
are oriented normals of E^ p and we choose 7p and 7^ in such a way that these tangent 
vectors coincide. Due to the properties of 7^ and 7^, the joint curve also complies with 
the conditions in (3.1.9), from which we conclude q G W^p, and thus W^^^p C W^p. 

Consider now the case that E^p and E^^p are connected by null geodesies, i.e. p G 
dW^p. Let r be the point in E^^p which can be connected by a null geodesic with p and 
pick a point q G The intersection J~(r) fl dW^^p yields another null curve, say 

and the intersection fi fl J~{q) =: p' is non-empty since r and q are spacelike separated 
and q G W^^p. The null curve fi is chosen future directed and parametrized in such a way 
that ^(0) = p' and /i(l) = r. By taking £ G (0, 1) we find q G H^^,^(£) and /^(e) G W^p 
which entails q G W^p. 

(=^) Let us assume that we have an inclusion of wedges W^^p C W^p. Then clearly 

p G W^p. Since M is four-dimensional and ^1,^,^1,^2 are all spacelike, they cannot be 
linearly independent. Let us first assume that three of them are linearly independent, 
and without loss of generality, let C, = (^5^2) and ^ = (.^25 ^3) with three linearly 
independent spacelike Killing fields ^1,^2,^3- Picking points q G q G E^p these can 
be written as q = {t, Xi, X2, X3) and q = (t, Xi, X2, x^) in the global coordinate system of 
flow parameters constructed from ^1, ^2, and the gradient of the temporal function. 

For suitable flow parameters 81,82,83, we have f^i^siiQ) — (^, ^i, 2:2, 2^3) =: q' G E^p 
and </'(6,53),(s2,*3)(^) = {i,Xi,X2,X3) —. q' G E^p. Clearly, the points q' and q' are 
connected by a timclikc curve, e.g. the curve whose tangent vector field is given by 
the gradient of the temporal function. But a timelike curve connecting the edges of 
W^^p, W^p is a contradiction to these wedges forming an inclusion. So no three of the 

vector fields ^1,^2, Ci,C2 can be linearly independent. 

Hence ^ = with an invertible matrix N. It remains to establish the correct sign 
of det N, and to this end, we assume det N < 0. Then we have (W^,p)' = W^/^p C W^p, 
by (Prop. 3.1.6 b)) and the (<^) statement in this proof, since and ^' are related by a 
positive determinant transformation and p G W^p. This yields that both, W^_p and its 
causal complement, must be contained in W^^, a contradiction. Hence det > 0, and 
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the proof is finished. □ 

Having derived the structural properties of the set W of wedges needed later, we now 
compare our wedge regions to the Minkowski wedges and to other definitions proposed 
in the literature. 

The flat Minkowski spacetime (R!^, jf) clearly belongs to the class of admissible space- 
times, with translations along spacelike directions and rotations in the standard time 
zero Cauchy surface as its complete spacelike Killing fields. However, as Killing pairs 
consist of non- vanishing vector fields, and each rotation leaves its rotation axis invariant, 
the set S(lR'^,r7) consists precisely of all pairs (^^1,1^2) such that the fiows (^^^, (p^^ are 
translations along two linearly independent spacelike directions. Hence the set of all 
edges in Minkowski space coincides with the set of all two-dimensional spacelike planes. 
Consequently, each wedge W e W(IEl^, rj) is bounded by two non-parallel characteristic 
three-dimensional planes. This is precisely the family of wedges usually considered in 
Minkowski space^ (see, for example, [TW97]). 

Besides the features we estabhshed above in the general admissible setting, the family 
of Minkowski wedges has the following well-known properties: 

a) Each wedge W E W(1R"^, rj) is the causal completion of the world line of a uniformly 
accelerated observer. 

b) Each wedge W G >V(1R'', rj) is the union of a family of double cones whose tips lie 
on two fixed lightrays. 

c) The isometry group (the Poincare group) acts transitively on yV(Si'^,r]). 

d) W(R'', T]) is causally separating in the sense that given any two spacelike separated 
double cones Oi, O2 C H^, then there exists a wedge W such that Oi CW C O2 
[TW97]. W(]R^r7) is a subbase for the topology of R^. 

All these properties a)-d) do not hold for the class yV{M, g) of wedges on a general 
admissible spacetime, but some hold for certain subclasses, as can be seen from the 
explicit examples in the subsequent section. 

There exist a number of different constructions for wedges in curved spacetimes in the 
literature, mostly for special manifolds. On de Sitter respectively anti de Sitter space 
Borchers and Buchholz [BB99] respectively Buchholz and Summers [BS04] construct 
wedges by taking property a) as their defining feature, see also the generalization by 
Strich [Str08]. In the de Sitter case, this definition is equivalent to our definition of a 
wedge as a connected component of the causal complement of an edge [BMSOl]. But 
as two-dimensional spheres, the de Sitter edges do not admit two linearly independent 
commuting Killing fields. Apart from this difference due to our restriction to commuting, 

^Notc that we would get a "too large" family of wedges in Minkowski space if we would drop the 
requirement that the vector fields generating edges are Killing. However, the assumption that edges 
are generated by commuting Killing fields is motivated by the application to deformations of quantum 
field theories, and one could generalize our framework to spacetimes with edges generated by complete, 
linearly independent smooth Killing fields. 
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linearly independent, Killing fields, the de Sitter wedges can be constructed in the same 
way as presented here. Thanks to the maximal symmetry of the de Sitter and anti de 
Sitter spacetimes, the respective isometry groups act transitively on the corresponding 
wedge families c), and causally separate in the sense of d). 

A definition related to the previous examples has been given by Lauridsen-Ribeiro 
for wedges in asymptotically anti de Sitter spacetimes (see Def. 1.5 in [LR07]). Note 
that these spacetimes are not admissible in our sense since anti de Sitter space is not 
globally hyperbolic. 

Property b) has recently been taken by Borchers [Bor09] as a definition of wedges 
in a quite general class of curved spacetimes which is closely related to the structure of 
double cones. In that setting, wedges do not exhibit in general all of the features we 
derived in our framework, and can for example have compact closure. 

Wedges in a class of Priedmann- Robertson- Walker spacetimes with spherical spatial 
sections have been constructed with the help of conformal embeddings into de Sitter 
space [BMSOl]. This construction also yields wedges defined as connected components 
of causal complements of edges. Here a) does not, but c) and d) do hold, see also our 
discussion of Friedmann-Robertson- Walker spacetimes with fiat spatial sections in the 
next section. 

The idea of constructing wedges as connected components of causal complements 
of specific two-dimensional submanifolds has also been used in the context of globally 
hyperbolic spacetimes with a bifurcate Killing horizon [GLR+01], building on earlier 
work in [Kay85] . Here the edge is given as the fixed point manifold of the Killing fiow 
associated with the horizon. 

3.1.2 Concrete examples 

In the previous section we provided a complete but abstract characterization of the 
geometric structures of the class of spacetimes we are interested in. This analysis is now 
complemented by presenting a number of explicit examples of admissible spacetimes. 

The easiest way to construct an admissible spacetime is to take the warped product 
[0'N83, Chap. 7] of an edge with another manifold. Let {E, gs) be a two-dimensional 
Riemannian manifold endowed with two complete, commuting, linearly independent, 
smooth Killing fields, and let {X,gx) be a two-dimensional, globally hyperbolic space- 
time diffeomorphic to IR x /, with / an open interval or the full real line. Then, given 
a positive smooth function / on X, consider the warped product M :— X Xf E, i.e. the 
product manifold X x E endowed with the metric tensor field 

g — 7r^(gx) + (/ o TTx) • tt*e{Se), 

where nx ■ M ^ X and tte ■ M ^ E are the projections on X and E. It readily follows 
that (M, g) is admissible in the sense of Definition 3.1.1. 

The following proposition describes an explicit class of admissible spacetimes in terms 
of their metrics. 
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Proposition 3.1.10. Let (M, g) be a spacetime dijfeomorphic to ]R x I x H^, where 
I C.1R is open and simply connected, endowed with a global coordinate system {t, x, y, z) 
according to which the metric reads 

g = e^f'^dt^ - e^^'dx^ - e'^^'dy^ - e'^^^{dz -qdyf. (3.1.17) 

Here t runs over the whole H, q G C°°{M) for i = 0, 3 and fi, q do not depend on 
y and z. Then (M, g) is an admissible spacetime in the sense of Definition 3.1.1. 

Proof. Per direct inspection of (3.1.17), M is isometric to IR, x E with E = 7 x with 
g = /9 dt^ — hijdx^dx^ , where P is smooth and positive, and h is a metric which depends 
smoothly on t. Furthermore, on the hypersurfaces at constant t, det h = e^'^-^^^^-^^^+Zs) ^ q 
and h is block-diagonal. If we consider the sub-matrix with i, j = y, z, this has a positive 
determinant and a positive trace. Hence we can conclude that the induced metric on E is 
Riemannian, or, in other words, E is a spacelike, smooth, three-dimensional Riemannian 
hypersurface. Therefore we can apply Theorem 1.1 in [BeSa05] to conclude that M is 
globally hyperbolic. 

Since the metric coefficients are independent from y and z, the vector fields = dy 
and ,^2 = dz are smooth Killing fields which commute and, as they lie tangent to the 
Riemannian hypersurfaces at constant time, they are also spacelike. Furthermore, since 
per definition of spacetime, M and thus also E is connected, we can invoke the Hopf- 
Rinow- Theorem [0'N83, Chap. 5, Thm.21] to conclude that S is complete and, thus, all 
its Killing fields are complete. As / is simply connected by assumption, it follows that 
(M, g) is admissible. □ 

Under an additional assumption, also a partial converse of Proposition 3.1.10 is 
true. Namely, let (M, g) be a globally hyperbolic spacetime with two complete, space- 
like, commuting, smooth Killing fields, and pick a local coordinate system {t,x,y,z), 
where y and z are the fiow parameters of the Killing fields. Then, if the reflection map 
r : M — )■ M, r{t,x,y,z) = {t,x,—y,—z), is an isometry, the metric is locally of the 
form (3.1.17), as was proven in [Cha83, CF84]. The reflection r is used to guarantee 
the vanishing of the unwanted off-diagonal metric coefficients, namely those associated 
to "dx dy^^ and "dx dz^^ . Notice that the cited papers allow only to establish a result on 
the local structure of M and no a priori condition is imposed on the topology of 7, in 
distinction to Proposition 3.1.10. 

Some of the metrics (3.1.17) are used in cosmology. For the description of a spatially 
homogeneous but in general anisotropic universe M = J x where J C R (see chapter 
5 in [Wal84] and [FPH74]), one puts /q = 5 = in (3.1.17) and takes /i, /2, fs to depend 
only on t. This yields the metric of Kasner spacetimes respectively Bianchi I models^ 

g^dt^- e^f'dx^ - e^f'dy^ - e^^Hz'' . (3.1.18) 

^ The Bianchi models I-IX [E1106] arise from the classification of three-dimensional real Lie algebras, 
thought of as Lie subalgebras of the Lie algebra of Killing fields. Only the cases Bianchi I-VII, in which 
the three-dimensional Lie algebra contains as a subalgebra, are of direct interest here, since only in 
these cases Killing pairs exist. 
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Clearly here the isometry group contains three smooth Killing fields, locally given by 
dx,dy,dz, which are everywhere linearly independent, complete and commuting. In par- 
ticular, {dx,dy), {dx,dz) and {dy,dz) are Killing pairs. 

A case of great physical relevance arises when specializing the metric further by taking 
all the functions /j in (3.1.18) to coincide. In this case, the metric takes the so-called 
Friedmann-Robertson- Walker form 

g^df- a{tf [dx^ + dy'^ + dz"] = a{t{T)f [dr^ - dx^ - dy^ - dz"] . (3.1.19) 

Here the scale factor a{t) :— e-^^^*^ is defined on some interval J C H, and in the 
second equality, we have introduced the conformal time r, which is implicitly defined 
by dr = a~^{t)dt. Notice that, as in the Bianchi I model, the manifold is Af = J x IR^, 
i.e. the variable t does not need to range over the whole real axis. (This does not affect 
the property of global hyperbolicity.) 

By inspection of (3.1.19), it is clear that the isometry group of this spacetime contains 
the three-dimensional Euclidean groTip E(3) = XI 0(3). Disregarding the Minkowski 
case, where J = IR and a is constant, the isometry group in fact coincides with E(3). 
Edges in such a Friedmann-Robertson- Walker universe are of the form {r} x 5*, where S is 
a two-dimensional plane in and ^(t) G J. Here W consists of a single coherent family, 
and the Iso-orbits in W are labelled by the time parameter r for the corresponding edges. 
Also note that the family of Friedmann-Robertson- Walker wedges is causally separating 
in the sense discussed on page 48. 

The second form of the metric in (3.1.19) is manifestly a conformal rescaling of the 
flat Minkowski metric. Interpreting the coordinates (r, a;, |/, z) as coordinates of a point 
in therefore gives rise to a conformal embedding t : M ^ R^. 

In this situation, it is interesting to note that 
the set of all images l{E) of edges E in the 
Friedmann-Robertson- Walker spacetime coincides 
with the set of all Minkowski space edges which he 
completely in i{M) — JxR^, provided that J does 
not coincide with R. These arc just the edges par- 
allel to the standard Cauchy surfaces of constant r 
in R^. So Friedmann-Robertson- Walker edges can 
also be characterized in terms of Minkowski space "^^^ wedges in FRW spacetime 
edges and the conformal embedding i, analogous 

to the construction of wedges in Friedmann-Robertson- Walker spacetimes with spherical 
spatial sections in [BMSOl]. 

3.2 Quantum field theories on admissible space- 
times 

Having discussed the relevant geometric structures, we now fix an admissible spacetime 
(M, g) and discuss warped convolution deformations of quantum field theories on it. For 
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models on flat Minkowski space, it is known that this deformation procedure weakens 
point-like localization to localization in wedges [BLSll], and we will show here that 
the same holds true for admissible curved spacetimes. For a convenient description of 
this weakened form of localization, and for a straightforward application of the warped 
convolution technique, we will work in the framework of local quantum physics (see 
Section 1.1). 

In this setting, a model theory is defined by a net of field algebras, and here we 
consider algebras ^{W) of quantum fields supported in wedges W e W(M, g). The 
main idea underlying the deformation is to apply the formalism developed in [BS08, 
BLSll], but with the global translation symmetries of Minkowski space replaced by 
the Killing flow ip^ corresponding to the wedge W = W^^p under consideration. In the 
case of Minkowski spacetime, these deformations reduce to the famihar structure of a 
noncommutative Minkowski space with commuting time. 

The details of the model under consideration will not be important in Section 3.2.1, 
since our construction relies only on a few structural properties satisfied in any well- 
behaved quantum field theory. In Section 3.2.2, the deformed Dirac quantum field is 
presented as a particular example. 

3.2.1 Deformations of nets with Killing symmetries 

Proceeding to the standard mathematical formalism [Haa96, Ara99], we consider a C*- 
algebra 5, whose elements are interpreted as (bounded functions of) quantum fields on 
the spacetime M. The field algebra ^ has a local structure, and in the present context, 
wc focus on localization in wedges W G W, since this form of localization turns out 
to be stable under the deformation. Therefore, corresponding to each wedge W G W, 
we consider the C*-subalgebra dO^) C 5 of fields supported in W. Furthermore, we 
assume there exists a strongly continuous action a of the isometry group Iso of (M, g) on 
^, and a Bose/Fermi automorphism 7 whose square is the identity automorphism, and 
which commutes with a. This automorphism will be used to separate the Bosc/Fcrmi 
parts of fields F E ^; in the model theory of a free Dirac field discussed later, it can be 
chosen as a rotation by 27i in the Dirac bundle. 

To allow for a straightforward application of the results of [BLSll], we will also 
assume in the following that the field algebra is concretely realized on a separable Hilbert 
space T-L, which carries a unitary representation U of Iso implementing the action a, i.e. 

U{h)FU{h)-^ = ah{F) , h G Iso, F G 5 • 

We emphasize that despite working on a Hilbert space, wc do not select a state, since 
we do not make any assumptions regarding [/-invariant vectors in "H or the spectrum 
of subgroups of the representation U.^ The subsequent analysis will be carried out in a 
C*-setting, without using the weak closures of the field algebras ^{W) in B{l-L). 

^Note that every C*-dynamical system (21, a, G), where 21 C S('H) is a concrete C*-algebra on a 
separable Hilbert space H and a : G — )• Aut(2l) is a strongly continuous representation of a locally 
compact group G, has a covariant representation [Ped79, Prop. 7.4. 7, Lem.7.4.9], build out of the left- 
regular representation on the Hilbert space L?{G) ® %. 
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For convenience, we also require the Bose/Fermi automorphism 7 to be unitarily 
implemented on %, i.e. there exists a unitary V — V* — e B{H) such that 
7(F) = VFV. We will also use the associated unitary twist operator 

Z -.^ -^{1 - iV) . (3.2.1) 

Clearly, the unitarily implemented a and 7 can be continued to all of B{'H). By a slight 
abuse of notation, these extensions will be denoted by the same symbols. 

In terms of the data {5^(VF)}vKeW) o;, 7, the structural properties of a quantum field 
theory on M can be summarized as follows [Haa96, Ara99]. 

a) Isotony: d{W) C d{W) whenever W dW. 

b) Covariance under Iso: 

ahi^iW)) = ^{hW) , h e Iso, W eW. (3.2.2) 



c) Twisted Locality: With the unitary Z (3.2.1), there holds 

[ZFZ*, G] = 0, F e d{W), G G d{W'), W eW. (3.2.3) 

The twisted locality condition (3.2.3) is equivalent to normal commutation relations 
between the Bose/Fermi parts F± := ^(F±7(F)) of fields in spacelike separated wedges, 
G±] = [F±, G+] = G-} = for F G d(W), G G ^iW) [DHR69]. 

The covariance requirement (3.2.2) entails that for any Killing pair ^ G S, the algebra 
^ carries a corresponding M^-action r^, defined by 

r^,s ■= ct^i^^ = ad U^{s) , s G , 

where U^{s) is shorthand for U{(p^^s)- Since a wedge of the form W^.p with some p & M 
is invariant under the flows ipNS.,s for any G GL(2,IR) (see Proposition 3.1.6 c) and 
Lemma 3.1.2), we have in view of covariance 

rNMW^,p)) = ^iW^,p) > N G GL(2, H), s G IR^ 

In this setting, all structural elements necessary for the application of warped con- 
volution deformations [BLSll] are present, and we will use this technique to define a 
deformed net W 1 — > diW)^ of C*-algebras on M, depending on a deformation param- 
eter K G IR. For K = 0, we will recover the original theory, d{W)o = and for 
each K G IR, the three basic properties a)-c) listed above will remain valid. To achieve 
this, the elements of ^{W) will be deformed with the help of the Killing flow leaving W 
invariant. We begin by recalling some definitions and results from [BLSll], adapted to 
the situation at hand. 



Similar to the Weyl product appearing in the quantization of classical systems, the 
warped convolution deformation is defined in terms of oscillatory integrals of 5^- valued 
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functions, and we have to introduce the appropriate smooth elements first. The action a 
is a strongly continuous representation of the Lie group Iso, which acts automorphically 
and thus isometrically on the C*-algebra ^. In view of these properties, the smooth 
elements 5°° := {F G 5^ : Iso 3 h ^ cxh{F) is || • H^-smooth} form a norm-dense *- 
subalgcbra 5^°^ C 5^ (see, for example, [Tay86]). However, the subalgcbras C 5" 

are in general only invariant under the IR^-action r^, and we therefore also introduce a 
weakened form of smoothness. An operator F e ^ will be called ^-smooth if 

9 s ^ Ti-^siF) e d (3.2.4) 

is smooth in the norm topology of ^. On the Hilbert space level, we have a dense domain 
-^oo .— 1^ g ^ ■ ^ jj (/i)^ is II • ll^-smooth} of smooth vectors in %. 

As further ingredients for the definition of the oscillatory integrals, we pick a smooth, 
compactly supported "cutoff" function x £ C^(R^ x R^) with x(0,0) = 1, and the 
standard antisymmetric 2x2 matrix 

» - ( _°1 J ) ■ (3.2.5) 

With these data, we associate to a ^-smooth F e ^ the deformed operator {warped 
convolution) [BLSll] 

F.^:= lim / ds ds e"""'x(£s, es ) U,{k9s)FU,{s' - kOs) , (3.2.6) 
' 47r e->-o J 

where k is a real parameter, and ss' denotes the standard Euclidean inner product of 
s, s' E R^. The above limit exists in the strong operator topology of BiH) on the dense 
subspace 'H°°, and is independent of the chosen cutoff function x within the specified 
class. The thus (densely) defined operator ^ can be shown to extend to a bounded 
^-smooth operator on all of H, which we denote by the same symbol [BLSll]. As can 
be seen from the above formula, setting k — yields the undeformed operator F^^o = F, 
for any ^ Er.. 

The deformation F F^^« is closely related to Rieffel's deformation of C*-algebras 
[Rie92] , where one introduces the deformed product 

Fx^,«G':=-^lim / dsds' e-''''x{es,es')r^,,es{F)r^,AG) . (3.2.7) 

This limit exists in the norm topology of ^ for any ^-smooth F, G G 5, and F x^^^G is 
^-smooth as well. 

As is well known, this procedure applies in particular to the deformation of classical 
theories in terms of star products. As field algebra, one would then take a suitable 
commutative *-algebra of functions on M, endowed with the usual pointwisc operations. 
The isometry group acts on this algebra automorphically by puUback, and in particular, 
the flow (p^ of any Killing pair ^ G S induces automorphisms. The Rieffel product 
therefore defines a star product on the subalgebra of smooth elements f,g for this 
action, 

(/ 9){P) = ^ limy" d's d's'e-'^^' x{es, es') fi^MpMnAp)) ■ (3-2.8) 
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The function algebra endowed with this star product can be interpreted as a noncom- 
mutative version of the manifold M, similar to the fiat case [GGB+04]. Note that since 
we are using a two-dimensional spacelike flow on a four-dimensional spacetime, the de- 
formation corresponds to a noncommutative Minkowski space with "commuting time" 
in the flat case. 

The properties of the deformation map F i-> ,^ which will be relevant here are the 
following. 

Lemma 3.2.1. [BLSll]: 

Let ^ e S, K e H, and consider ^-smooth operators F,G & ^. Then 

b) F^,,G^,, = {F x^,, G)^,,. 

c) If [tUF): G] = for all s e R^ then G^,.,] - 0. 

d) If a unitary Y E B{'H) commutes with U^{s), s e R^, then YF^^^Y'^ — 
(yFy-i)^,«, and YF^^^Y'^ is ^-smooth. 

Since wc are dealing here with a field algebra obeying twisted locality, we also point 
out that statement c) of the above lemma carries over to the twisted local case. 

Lemma 3.2.2. Let ^ e E and F,G e ^ be ^-smooth such that [Zt^^s{F)Z*, G] = 0. 
Then 

[ZF^,«Z*,G'^,_,]=0. (3.2.9) 

Proof. The Bose/Fermi operator V commutes with the representation of the isometry 
group, and thus the same holds true for the twist Z (3.2.1). So in view of Lemma 3.2.1 
d), the assumption implies that ZFZ* is ^-smooth, and [t^_s{ZFZ*), G] = for all 
s e In view of Lemma 3.2.1 c), we thus have [{ZFZ*)^^f^,G^-i^] = 0. But as Z and 
U^{s) commute, {ZFZ*)^^^^ = ZF^ i^Z*, and the claim follows. □ 

The results summarized in Lemma 3.2.1 and Lemma 3.2.2 will be essential for es- 
tablishing the isotony and twisted locality properties of the deformed quantum field 
theory. To also control the covariance properties relating different Killing pairs, we need 
an additional lemma, closely related to [BLSll, Prop. 2. 9]. 

Lemma 3.2.3. Let ,^ G S, /t G R, and F E^ he ^-smooth. 

a) Let h G Iso. Then OLh{F) is h^^-smooth, and 

ah{F^,n)^ah{F)h,^,^. (3.2.10) 

^In [BS08, BLSll], this statement is shown to hold under the weaker assumption that the commu- 
tator [t|,s(F), G\ vanishes only for aH s S + S, where S is the joint spectrum of the generators of the 
H^-representation f/^ implementing tj. But since usually S = in the present setting, we refer here 
only to the weaker statement, where S + S G has been replaced by M^. 
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b) For N e GL{2,JR), it holds 

Fn^,k — F^,detN-K ■ (3.2.11) 

In particular, 

= (3.2.12) 

Proof, a) The flow of ^ transforms under h according to hip^^s = '^h,^,sh, so that 
ah{T^,s{F)) = Th,^^ s{ah{F)). Since F is ^-smooth, and ah is isometric, the smoothness 
of s 1-^ Th,^^s{o:h{F)) follows. Using the strong convergence of the oscillatory integrals 
(3.2.6), we compute on a smooth vector ^ e H°° 

Q;ft(F^,«)* = lim / ds ds' e''''' x(£s, es') U {h(fi^,^esh~^)ah{F)U{h(fi^,s'-Kesh~^)'^ 
lim J ds ds' e''''' x(£s, es') U {(Ph.^,Kes)ah{F)U ((^ft,e,y-«e.)* 



1 

4^2 



= ah{F)h,^^^-^ , 

which entails (3.2.10) since C is dense. 

b) In view of the transformation law ipNi,s = f^,NTs (3.1.6), we get, G 71°°, 

^jv^,«* = -\ hm / ds ds' e''''' xi^s, es') U {^Ni,Kes)FU {^Ni,s'-Kes)^ 
47r^ £^>o J 

^ 471^1 det AT] ^^^0 / dsds' e-'^^~''''"^ x{£s,e{N^)-h')U^{KN^es)FU^{s' - KN^es)^ 
^^limj dsds' e-'''' x{eNs,s{N^)-^s')U^{KN^eNs)FU^{s' - KN^eNs)'^/ 

— F^^detN-K"^ ■ 

In the last line, we used the fact that the value of the oscillatory integral does not 
depend on the choice of cutoff function x or Xn{s,s') := x(iVs, (iV^)~^s'), and the 
equation N'^ON — det N ■ 9, which holds for any (2 x 2)-matrix N. 

This proves (3.2.11), and since ^' — 11^, with the flip matrix 11 = (^ q) which has 
detn = -1, also (3.2.12) follows. □ 

Having established these properties of individual deformed operators, wc now set out 
to deform the net W i— )■ ^{W) of wedge algebras. In contrast to the Minkowski space 
setting [BLSll], we are here in a situation where the set H of all Killing pairs is not a 
single orbit of one reference pair under the isometry group. Whereas the deformation 
of a net of wedge algebras on Minkowski space amounts to deforming a single algebra 
associated with a fixed reference wedge (causal Borchcrs triple), we have to specify here 
more data, related to the coherent subfamilies W[^] in the decomposition W = Uj^j W[5] 
of W (3.1.15). For each equivalence class [^], we choose a representative C,- In case there 
exists only a single equivalence class, this simply amounts to fixing a reference wedge 
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together with a length scale for the Killing flow. With this choice of representatives 
C e [C] made, we introduce the sets, p G M, 

HW^,p)k := {F^,. : F e ^iW^^^) ^smooth }"" , (3.2.13) 
d{W^',p). := {F^',n ■■ F e diW^p) e-smooth }" . (3.2.14) 

Note that the deformed operators in diW^r^p)^ have the form F^i^^ = F^,-^ (3.2.12), i.e. 
the sign of the deformation parameter depends on the choice of reference Killing pair. 
The definitions (3.2.13) and (3.2.14) are extended to arbitrary wedges by setting 

d{hW^,,), anidiW^,,),) , 5(W^,,)« := MmD^) ■ (3-2.15) 

Recall that as h, p and [^] vary over Iso, M and S/~, respectively, this defines ^(W),^ 
for all Vt^ e W (c/. (3.1.16)). It has to be proven that this assignment is well-defined, 
e.g. that (3.2.15) is independent of the way the wedge hW^^p = hW^^p is represented. 
This will be done below. However, note that the definition of ^{W)^. does depend on our 
choice of representatives ^ G [^] , since rescaling ^ amounts to rescaling the deformation 
parameter (Lemma 3.2.3 b)). 

Before establishing the main properties of the assignment W i— )■ ^{W)^, we check that 
the sets (3.2.13) and (3.2.14) are C*-algebras. As the C*-algcbra ^(W^^p) is r^-invariant 
and acts strongly continuously, the ^-smooth operators in 5(M^5,p) which appear in 
the definition (3.2.13) form a norm-dense *-subalgebra. Now the deformation F i-> F^^„ 
is evidently linear and commutes with taking adjoints (Lemma 3.2.1 a)); so the sets 
^{W^^p)k are ^-invariant norm-closed subspaces of B{l-L). To check that these spaces 
are also closed under taking products, we again use the invariance of 5^(W^,p) under 
T^: By inspection of the Rieffel product (3.2.7), it follows that for any two ^-smooth 
F, G G '^{W(^^p), also the product F x^^^G lies in this algebra (and is ^-smooth, see 
[Rie92]). Hence the multiplication formula from Lemma 3.2.1 b) entails that the above 
defined diW)^ are actually C*-algebras in B{l-L). 

The map W i-^ t5^(H^)k defines the wedge-local field algebras of the deformed quan- 
tum field theory. Their basic properties are collected in the following theorem. 

Theorem 3.2.4. The above constructed map W \ — > 'S{W)k, ^ ^ VV, is a well-defined, 
isotonous, twisted wedge-local, Iso-covariant net of C* -algebras onl-L, i.e. W,W E W, 

diW),GdiW), forWGW, (3.2.16) 

[ZF^Z*. G„] = for F, G 5^(W^)«, G ^(W^')« , (3-2.17) 

o^h{^{W),) = ^{hW), , helso. (3.2.18) 

For K = 0, this net coincides with the original net, '^{W)o = W G W. 

Proof. It is important to note from the beginning that all claimed properties relate only 
wedges in the same coherent subfamily W[^]. This can be seen from the form (3.1.16) of 
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VV[^], which is manifestly invariant under isometries and causal complementation, and the 
structure of the inclusions (Proposition 3.1.9). So in the following proof, it is sufficient 
to consider a fixed but arbitrary equivalence class [^], with selected representative ^. 

We begin with establishing the isotony of the deformed net, and therefore consider 
inclusions of wedges of the form hW^^p, hW^^, with h e Iso, p & M arbitrary, and ^ G S 
fixed. Starting with the inclusions hW^^p C hW^^p, we note that according to (3.1.13) and 
Prop. 3.1.9, there exists G GL(2, IR) with positive determinant such that h^^ = Nh^,^. 
Equivalently, (h~^h)^^ = N^, which by Lemma 3.1.2 imphes detN — 1. By definition, 
a generic ^-smooth element of d{hW^^p)^ is of the form ah{F^^i^) — ah{F)h^^^^ with some 
^-smooth F e 5'(W^,p). But according to the above observation, this can be rewritten 
as 

aft(^«,«) = ah{F)h.^,^ = ahiF)Nh,i,K = MF)h,i,K > (3.2.19) 

where in the last equation we used det = 1 and Lemma 3.2.3 b). Taking into account 
that hW^^p C hW^^p, and that the undcformed net is covariant and isotonous, we have 
ah{F) G d{hW^^p) C ^{hW^^p), and so the very right hand side of (3.2.19) is an element 
of dihW^^p)^- Going to the norm closures, the inclusion ^{hW^^p)^ C dihW^^p)^ of 
C*-algebras follows. 

Analogously, an inclusion of causal complements, hW^^ C hW^ p, leads to the inclu- 
sion of C*-algebras dihW^ p)^ C dihW^ p)^, the only difference to the previous argument 
consisting in an exchange of h,h and p,p. 

To complete the investigation of inclusions of wedges in W[g], we must also consider 
the case hW^^p C hW^p = Wj^^^, p. By the same reasoning as before, there exists a 
matrix N with det = 1 such that {h~^h)^^ = N^' = NU^ with the flip matrix 11. So 
N' := NU has determinant det A^' = -1, and /i^ = N'h^^'. Using (3.2.12), we find for 
^-smooth F e ^{hW^^p), 

MF^,.) = «,(F),,5,, = MF)m'U',. = MFh^^',-. ■ (3-2.20) 

By isotony and covariance of the undeformed net, this deformed operator is an ele- 
ment of dihW^p)^ (3.2.14), and taking the norm closure in (3.2.14) yields 5^(/iW^,p)k C 
dihW^p)^- So the isotony (3.2.16) of the net is established. This implies in particular 

that the net is well-defined, since in case hW^^p equals hW^^p or its causal comple- 
ment, the same arguments yield the equality of d{hW^p)K and dihW^pj^, respectively 
dihWlp).. 

The covariance of diW)^ is evident from the definition. To check twisted 

locality, it is thus sufficient to consider the pair of wedges W^,p, In view of the 

definition of the C*-algebras ^{W)^ (3.2.13) as norm closures of algebras of deformed 
smooth operators, it suffices to show that any ^-smooth F G d{W^,p), G G '^{W^i^p) 
fulfill the commutation relation 



[ZF^,^Z\G^.,,]=Q. 



(3.2.21) 
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But G^'^K = (3.2.12), and since the undeformed net is twisted local and covariant, 

we have [rj^s(F), G] = 0, for all s e R^, which imphes [ZF^^i^Z*, -k] = by Lemma 
3.2.2. 

The fact that setting k = reproduces the undeformed net is a straightforward 
consequence of F^ q — F for any ^-smooth operator, ^ G 5. □ 

Theorem 3.2.4 is our main result concerning the structure of deformed quantum field 
theories on admissible spacetimes: It states that the same covariance and localization 

properties as on flat spacetime can be maintained in the curved setting. Whereas the 
action of the isometry group and the chosen representation space of ^ are the same for all 
values of the deformation parameter n, the concrete C*-algebras ^^(Vr)^ depend in a non- 
trivial and continuous way on k: For a fixed wedge W, the collection : K' £ R} 
forms a continuous field of C*-algebras [Dix77]; this follows from Rieffel's results [Rie92] 
and the fact that 5(W^)k forms a faithful representation of Rieffel's deformed C*-algebra 
{d{W),x,) [BLSll]. 

For deformed nets on Minkowski space, there also exist proofs showing that the 
net W ^ d{W)^ depends on k, for example by working in a vacuum representation 
and calculating the corresponding collision operators [BS08]. There one finds as a 
striking effect of the deformation that the interaction depends on k, i.e. that defor- 
mations of interaction-free models have non-trivial S-matrices. However, on generic 
curved spacetimes, a distinguished invariant state like the vacuum state with its posi- 
tive energy representation of the translations does not exist. Consequently, the result 
concerning scattering theory cannot be reproduced here. Instead we will establish the 
non-equivalence of the undeformed net W i->- ^{W) and the deformed net W i->- 
K 7^ 0, in a concrete example model in Section 3.2.2. 

As mentioned earlier, the family of wedge regions >V(M, g) is causally separating in a 
subclass of admissible spacetimes, including the Friedmann- Robertson- Walker universes. 
In this case, the extension of the net to double cones or similar regions O C M via 

d{0), := fl d{W), (3.2.22) 

is still twisted local. These algebras contain all operators localized in the region O in 
the deformed theory. On other spacetimes (M, g), such an extension is possible only for 
special regions, intersections of wedges, whose shape and size depend on the structure 
of >V(M, g). 

Because of the relation of warped convolution to noncommutative spaces, where 
sharp localization is impossible, it is expected that ^{O) contains only multiples of the 
identity if O has compact closure. We will study this question in the context of the 
deformed Dirac field in Section 3.2.2. 

We conclude this section with a remark concerning the relation between the field and 

observable net structure of deformed quantum field theories. The field net ^ is com- 
posed of Bose and Fermi fields, and therefore contains observable as well as unobserv- 
able quantities. The former give rise to the observable net 21 which consists of the 
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subalgcbras invariant under the grading automorphism 7. In terms of the projection 
v{F) := + 7(-F)), the observable wedge algebras are 

^{W) := {F e d{W) : F = 7(F)} = v{d{W)) , W eW, (3.2.23) 

so that 21(1^), commute (without twist) if W and W are spacehke separated. 

Since the observables are the physically relevant objects, we could have considered 
a deformation 2t(M^) 1— ?> ^[W)^ of the observable wedge algebras along the same lines 
as we did for the field algebras. This approach would have resulted precisely in the 
7-invariant subalgebras of the deformed field algebras 5(M^)k, ^-e. the diagram 



commutes. This claim can quickly be verified by noting that the projection v commutes 
with the deformation map F 1-^ F^,k- 



3.2.2 The Dirac field and its deformation 

After the model-indcpcndcnt description of deformed quantum field theories carried out 
in the previous section, wc now consider the theory of a free Dirac quantum field as a 
concrete example model. We first briefly recall the notion of Dirac (co)spinors and the 
classical Dirac equation, following largely [DHP09, San08] and partly [Dim82, FV02], 
where the proofs of all the statements below are presented and an extensive description 
of the relevant concepts is available. Afterwards, we consider the quantum Dirac field 
using Araki's self-dual CAR-algebra formulation [Ara71] . 



As before, we work on a fixed but arbitrary admissible spacetime (M, g) in the sense of 
Definition 3.1.1 and we fix its orientation. Therefore, as a four-dimensional, time ori- 
ented and oriented, globally hyperbolic spacetime, M admits a spin structure {SM,p), 
consisting of a principle bundle SM over M with structure group SL(2, C), and a smooth 
bundle homomorphism p projecting SM onto the frame bundle FM, which is a principal 
bundle over M with S0(1, 3)o as structure group. The map p preserves base points and 
is equivariant in the sense that it intertwines the natural right actions R of SL(2, C) on 
SM and of S0(1, 3)o on FM, respectively, 

p o i?^ = i?A o p, A e S0(1, 3)0 , 

with the covering homomorphism A A from SL(2, C) to S0(1, 3)o. 

Although each spacetime of the type considered here has a spin structure [DHP09, 
Thm.2.1, Lem.2.1], this is only unique if the underlying manifold is simply connected 

[Ger68, Gcr70]. i.e. if all edges are simply connected in the case of an admissible 
spacetime. In the following, it is understood that a fixed choice of spin structure has 
been made. 



(3.2.24) 
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The main object we shall be interested in is the Dirac bundle, that is the associated 
vector bundle 

DM := SM Xt (3.2.25) 

with the representation T := D^^fi) © ^(0,2) of SL(2,C) on G"^. Dirac spinors ip are 
smooth global sections of DM, and the space they span will be denoted E{DM). The 
dual bundle D*M is called the dual Dirac bundle, and its smooth global sections ■0' e 
S{D*M) are referred to as Dirac cospinors. 

For the formulation of the Dirac equation, we need two more ingredients. The 
first are the so-called gamma-matrices, which are the coefficients of a global tensor 
7 e £{T*M (g) DM (8) D*M) such that 7 = 7^56" <^ Ea <^ . Here Ea and E^ 
with A,B = 1,...,4 arc four global sections of DM and D*M respectively, such that 
{Ea,E^) = 6a, with (. , .) the natural pairing between dual elements. Notice that Ea 
descends also from a global section E of SM since we can define Ea{x) := [{E{x), za)] 
where za is the standard basis of C^. At the same time, out of E, we can construct ea, 
with a = 0, 3, as a set of four global sections of TM once we define e :— po E as a, 
global section of the frame bundle, which, in turn, can be read as a vector bundle over 
TM with R*^ as typical fibre. The set of all Ca is often referred to as the non-holonomic 
basis of the base manifold. In this case upper indices are defined via the natural pairing 
over H^, that is (e'', Ca) = S^. Furthermore we choose the gamma- matrices to be of the 
following form: 

where the at are the Pauli matrices, and 1„ denotes the n x n identity matrix. These 
matrices fulfill the anticommutation relation {7a, 76} = ^rjabl^, with the flat Minkowski 
metric rj. They therefore depend on the sign convention in the metric signature, and 
differ from those introduced in [DHP09], where a different convention was used. 

The last ingredient we need to specify is the covariant derivative (spin connection) 
on the space of smooth sections of the Dirac bundle, that is 

V : S{DM) ^ £{T*M ®DM), (3.2.27) 

whose action on the sections Ea is given as VEa = (y^ji^e°'EB- The connection coeffi- 
cients can be expressed as cr£^ = \^^acnwl'A^ i where F^^ are the coefficients arising from 
the Levi-Civita connection expressed in terms of non-holonomic basis [DHP09, Lem.2.2]. 

We can now introduce the Dirac equation for spinors ^0 e 8 {DM) and cospinors 

ip' e £{D*M) as 

D-^ := {-i-t^V^ + ml)V' = (3.2.28) 

D'i)' := (+i7''V^ + ml)^)' = , (3.2.29) 

where m > is a constant while 1 is the identity on the respective space. 
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The Dirac equation has unique advanced and retarded fundamental solutions 
[DHP09]: Denoting the smooth and compactly supported sections of the Dirac bun- 
dle by T>{DM), there exist two continuous linear maps 

: V{DM) £{DM), 

such that S^D = DS^ = 1 and supp(S^f) C J±(supp(/)) for all / e V{DM). In the 
case of cospinors, we shall instead talk about Sf : V(D*M) — )■ £{D*M) and they have 
the same properties of S^, except that S^D' = D' Sf = 1. In analogy with the theory 
of real scalar fields, the causal propagators for Dirac spinors and cospinors are defined 
as S :— S'^ — S~ and :— — , respectively. 

For the formulation of a quantized Dirac field, it is advantageous to collect spinors 
and cospinors in a single object. We therefore introduce the space 

V := V{DM © D*M) , (3.2.30) 

on which we have the conjugation 

r(/i©/2):=/r/3©rV2, (3.2.31) 

defined in terms of the adjoint / h- )■ /* on and the Dirac conjugation matrix /3. 
This matrix is the unique selfadjoint element of SL(4, C) with the properties that 7* = 
— /37a/3~^, a = 0, ...,3, and i/3n"7a is a positive definite matrix, for any timelike future- 
directed vector n. 

Due to these properties, the sesquilinear form on V defined as 

(/i © /2, gi © 92) := Sg^) + z(5,^2, V2 ), (3.2.32) 

where (. , .) is the global pairing between £{DM) and V{D*M) or between £{D*M) and 
V{DM), is positive semi-definite. Therefore the quotient 

lC:^V/{keiS QkexS,) . (3.2.33) 

has the structure of a pre-Hilbert space, and we denote the corresponding scalar product 

1 /2 

and norm by ( . , . )5 and := {f,f)s ■ The conjugation T descends to the quotient 

/C, and we denote its action on JC by the same symbol. Moreover, F is compatible with 
the sesquilinear form (3.2.32) in such a way that it extends to an antiunitary involution 
F = F* = F-i on the Hilbert space IC [San08, Lem.4.2.4]. 

Regarding covariancc, the isomctry group Iso of (M, g) naturally acts on the sections 
in V by pullback. In view of the geometrical nature of the causal propagator, this action 
descends to the quotient /C and extends to a unitary representation u of Iso on the Hilbert 
space /C. 

Given the pre-Hilbert space /C, the conjugation F, and the representation u as above, 
the quantized Dirac field can be conveniently described as follows [Ara71]. We consider 
the C*-algebra CAR(/C,F), that is, the unique unital C*-algebra generated by the sym- 
bols B{f), f & IC, such that, for all f,gG)C, 
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a) / I — )■ B{f) is complex linear, 

b) B(f)*^B{rf), 

c) {B{f),B{g)} = {Tf,g)s-l. 

The field equation is implicit here since we took the quotient with respect to the ker- 
nels of S,S^. The standard picture of spinors and cospinors can be recovered via the 
identifications tpig) = B{0 © g) and i/j\f) = B{f © 0). 

As is well known, the Dirac field satisfies the standard assumptions of quantum field 
theory, and wc briefiy point out how this model fits into the general framework used 
in Section 3.2.1. The global field algebra ^ := CAR(/C, F) carries a natural Iso-action 
a by Bogoliubov transformations: Since the unitaries u{h), h e Iso, commute with the 
conjugation F, the maps 

a,,{B{f)):=B{u{h)f), / e /C, 
extend to automorphisms of ^. Similarly, the grading automorphism 7 is fixed by 

7(5(/)) ■.= -B{f), 

and clearly commutes with ah- The field algebra is faithfully represented on the Fermi 
Fock space H over /C, where the field operators take the form 

S(/) = ^(at(/) + a(F/)), (3.2.34) 

with the usual Fermi Fock space creation/annihilation operators / G /C. In 

this representation, the second quantization U of u implements the action a. The 
Bosc/Fcrmi-grading can be implemented hy V — (—1)^, where N e B{'H) is the Fock 
space number operator [Foi83]. 

Regarding the regularity assumptions on the symmetries, recall that the anticommu- 
tation relations of the CAR algebra imply that ||a(/)|| = and thus / i->- B{f) is a 

linear continuous map from /C to 5^. As s i-> u^{s)f is smooth in the norm topology of 
/C for any ^ G S, / G /C, this implies that the field operators B{f) transform smoothly 
under the action a. Furthermore, the unitarity of u yields strong continuity of a on all 
of ^, as required in Section 3.2.1. 

The field algebra ^{W) C ^ associated with a wedge 1^ G W is defined as the unital 
C*-algebra generated by all -B(/), / G }C{W), where }C{W) is the set of (equivalence 
classes of) smooth and compactly supported sections of DM (BD*M with support in W. 
Since {Tf,g)s = for / G /C(iyj, g G ICiW), we have {5(/),5((?)} = for / G /C(l^), 
g G ]C{W'), which implies the twisted locality condition (3.2.3). Isotony is clear from the 
definition and covariance under the isometry group follows from u{h)]C{W) = ]C{hW). 

The model of the Dirac field therefore fits into the framework of Section 3.2.1, and 
the warped convolution deformation defines a one-parameter family of deformed nets 
Besides the properties which were established in the general setting in Section 3.2.1, 
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we can here consider the exphcit deformed field B[f )^^^. A nice characterization of these 
operators can be given in terms of their n-point functions associated with a quasifree 
state ui on ^. 

Let u be an Iso- invariant quasifree state on ^, and let ^■n'^ ,VL^) denote the 
associated GNS triple. As a consequence of invariance of w, the GNS space l-L^ carries 
a unitary representation of Iso which leaves Q!^ invariant. In this situation, the 
warping map 

^ F^,K — 2^ J ds ds' e~'''' x{£s, es') U^{K9s)n''{F)U^{s' - k9s) , (3.2.35) 

defined for ^-smooth F G 5^ as before, extends continuously to a representation of 
the Rieffel-deformed C*-algebra (5^, x^,«) on [BLSll, Thm.2.8]. Moreover, the W^- 
invariance of fl'^ implies 

F^^^n'' = 7r'^(F)Q'^ , ^ eE,KeIi, F C-smooth. (3.2.36) 

Since the CAR-algebra is simple, all its representations are faithful [BR97]. We will 
therefore identify ^ with its representation 7r'^(^) in the following, and drop the ou- 
dependence of H^, O,^, Lf^ and the warped convolutions from our notation. 

To characterize the deformed field operators B{f)^^i^, we will consider the n-point 
functions 

^n(/i, - , fn) := uj{B{f,) . . . B{Q) = (Q, B{h) ■ ■ ■ B{U)Q) , A, ...,/„ e /C , 

and the corresponding deformed expectation values of the deformed fields, called de- 
formed n-point functions, 

^^nVi, - , fn) S(/i)^,« • • . B{fn)^,,Q) , /i, ...,/„ e /C . 

Of particular interest are the quasifree states, where cun vanishes if n is odd, and cun is a 
linear combination of products of two-point functions 002 if n is even. In particular, the 
undeformed four-point function of a quasifree state reads 

^4(/l, /2, /a, A) = ^^2(/l, /2)w2(/3, A) + W2(/l, /4)^^2(/2, /s) " W2(/l, f?,)(^2{f2, fi) .(3.2.37) 

Proposition 3.2.5. The deformed n-point functions of a quasifree and Iso-invariant 
state vanish for odd n. The lowest deformed even n-point functions are: fi, f^ e K,, 

4''^(/i,/2)=c^2(/i,/2), (3.2.38) 

4'^{fl, /2, /s, /4) = ^2(/l, /2)a;2(/3, /4) + Mfl, /4)c^2(/2, fs) (3.2.39) 

-^UmJ dsds' e-''''x{es,es')uj2{fi,u^{s)f3) ■ uj2{f2,u^{2K9s')fi) . 

Proof. The covariant transformation behaviour of the Dirac field, U^{s)B{f)U^{s)^^ = 
B{u^{s)f), the invariance of Q and the form (3.2.35) of the warped convolution imply 
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that any deformed n-point function can be written as an integral over undeformed n- 
point functions with transformed arguments. As the latter functions vanish for odd n, 
we also have u^'^ — for odd n. 

Taking into account (3.2.36), we obtain for the deformed two-point function 

proving (3.2.38). 

To compute the four-point function, we use again B{f)^^^fl = B{f)fl and U^{s)fl — 
ft. Inserting the definition of the warped convolution (3.2.6), and using the transforma- 
tion law U^{s)B{f)U^{s)~^ — B{u^{s)f) and the shorthand f{s) :— u^{s)f, we obtain 

(/l,/2,/3,/4) = {fl, BUl)BU2h.BU,h,.B{Un 

= (27r)-^ hm / cise-^(^^^i+^^^^)x.(s)^4(/i,/2(/^^Si),/3(«^S2 + 4),/4(4 + 4)), 

where ds = dsids'ids2ds'2 and Xe(*) = x{^iSi,£is'i)x{^2S2,£2S2)- After the substitu- 
tions ^2 ^ S2 — s'l and s[ ^ s'l — k.9s2, the integrations over S2, S2 the limit £2 — >■ 
can be carried out. The result is 

(27r)-2 lim / dsi ds[ e~'''''^x{£iSi, £is[) uj^ih, f2{nOsi), h{s\), fi{s\ - kOsi)) , 

with a smooth, compactly supported cutoff function x with x(0,0) = 1. 

We now use the fact that ou is quasi-free and write uj^ as a sum of products of two- 
point functions (3.2.37). Considering the term where /i,/2 and f^, Ja are contracted, 
in the second factor U2{f3{s'i), f^is'i — kOsi)) the s'^-dcpendence drops out because u is 
invariant under isometrics. So the integral over s'l can be performed, and yields a factor 
5{si) in the limit e\ — )■ 0. Hence all ^-dependence drops out in this term, as claimed in 
(3.2.39). 

Similarly, in the term where /i, and /2, /s arc contracted, all integrations disappear 
after using the invariance of ui and making the substitution s'^ s'^ + k9si. Also this 
term does not depend on k. 

Finally, we compute the term containing the contractions /i, /s and /2, /4, 

(27r)-2 lim / ds, ds[ e-'^'^'^xieiSi, e,s[) uj2{h, Ms[)) ■ 2(^^931), U{s\ - kOs,)) 

= (27r)-2 hm / ds, ds\ e-*^^<x(£iSi, ^i^'i) ^2(/i, h{s\)) ■ UJ2U2, his[ - 2^08,)) 

= (27r)-2 lim / o?5io?s;e-*^i<x(£i5i,£i5'i)c^2(/i,/3(s'i)) •'-'2(/2,/4(2«:^si)) . 

In the last step, we substituted si i-)- si -|- ^0~^s',, used the antisymmetry of 6 and 
absorbed the new variables in x in a redefinition of this function. Since the oscillatory 
integrals are independent of the particular choice of cutoff function, comparison with 
(3.2.39) shows that the proof is finished. □ 
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The structure of the deformed n-point functions build from a quasifree state u is quite 
different from the undeformed case. In particular, the two-point function is undeformed, 
but the four-point function depends on the deformation parameter. For even n > 4, a 
structure similar to the n-point functions on noncommutative Minkowski space [GL08] 
is expected, which are all K-dependcnt. These features clearly show that the deformed 
field B{f)^^f^, K 0, differs from the undeformed field. Considering the commutation 
relations of the deformed field operators, it is also straightforward to check that the 
deformed field is not unitarily equivalent to the undeformed one. 

However, this structure docs not yet imply that the deformed and undeformed Dirac 
quantum field theories arc incquivalent. For there could exist a unitary V on'H satisfying 
VU{h)V* = U{h), h G Iso, VQ = Q, which docs not interpolate the deformed and 
undeformed fields, but the C*-algebras according to V^{W)kV* = W G W. If 

such a unitary exists, the two theories would be physically indistinguishable. 

On flat spacetime, an indirect way of ruling out the existence of such an intertwiner 
V, and thus establishing the non-equivalence of deformed and undeformed theories, is 
to compute their S-matrices and show that these depend on k in a non-trivial manner. 
However, on curved spacetimes, collision theory is not available and we will therefore 
follow the more direct non-equivalence proof of [BLSll, Lem.4.6], adapted to our set- 
ting. This proof aims at showing that the local observable content of warped theories 
is restricted in comparison to the undeformed setting, as one would expect because 
of the connection to noncommutative spacetime. However, the argument requires a 
certain amount of symmetry, and we therefore restrict here to the case of a Friedmann- 
Robertson- Walker spacetime M. 

As discussed in Section 3.1.2, M can then be viewed as J x C via a conformal 
embedding, where J C R is an interval. Recall that in this case, we have the Euclidean 
group E(3) contained in Iso(M, g), and can work in global coordinates (r, x, y, z), where 
T & J and x,y,z G R are the flow parameters of Killing fields. As reference Killing 
pair, we pick ( := {dy,dz), and as reference wedge, the "right wedge" := FF^^o — 
{{-T^x^y^z) : T e J, x> \t\}. 

In this geometric context, consider the rotation r"^ about angle (p in the x-y- plane, 
and the cone 

}C:=r'^W^nr-'^W\ (3.2.40) 

with some fixed angle \(p\ < |. Clearly JC C and the refiected cone j^fC, where 
jx{t, X, y, z) — {t, —X, y, z), lies spacelike to and r'^W^. 

Moreover, we will work in the GNS-representation of a particular state on 5^ for 
the subsequent proposition, which besides the properties mentioned above also has the 
Reeh-Schlieder property. That is, the von Neumann algebra 5(/C)" C B{l-t^) has Q!^ as 
a cyclic vector. 

Since the Dirac field theory is a locally covariant quantum field theory satisfying 

the time slice axiom [SanlO], the existence of such states can be deduced by spacetime 
deformation arguments [San09, Thm.4.1]. As M and the Minkowski space have unique 
spin structures, and M can be deformed to Minkowski spacetime in such a way that its 
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E(3) symmetry is preserved, the state obtained from deforming the Poincare invariant 
vacuum state on is still invariant under the action of the Euclidean group. 

In the GNS representation of such a Reeh-Schheder state on a Priedmann- Robertson- 
Walker spacetime, we find the following non-equivalence result. 

Proposition 3.2.6. Consider the net '^^ generated by the deformed Dirac field on a 
Friedmann-Robertson- Walker spacetime with flat spatial sections in the GNS represen- 
tation of a quasifree invariant state with the Reeh-Schlieder property. Then the imple- 
menting vector fl is cyclic for the field algebra '^{JC)^' associated with the cone (3.2.40) 
if and only if k = 0. In particular, the nets and o'^e inequivalent for k ^ 0. 

Proof Let / G KiK.), so that f,u{r-'^)f e /C(l^°), and both field operators, S(/)c,« 
and i?(-u(r~''')/)^^K, are contained in ^{W^)^- Taking into account the covariance of the 
deformed net, it follows that U{r^)B{u{r-^)f)<^,^U{r-'^) = B{f)^^^^^ lies in ^{r'^W^)^. 

Now the cone /C is defined in such a way that the two wedges and r'^W^ lie 
spacelike to jxJC. Let us assume that Q is cyclic for ^{K)^ , which by the unitarity 
of U{jx) is equivalent to Vt being cyclic for dijx^)^'- Hence is separating for the 
commutant dijxK,)^ , which by locality contains ^{W^)k and ^{r'^W^)^- But in view of 
(3.2.36), B{f)^^^ and B{f)^V(^^^ coincide on Vt, 

B{f\.^^,Q = B{f)n = S(/)c,«Q , 

so that the separation property implies B{f)(^^^ = B{f)j.v^^i^. 

To produce a contradiction, we now show that these two operators are actually 
not equal. To this end, we consider a difference of four-point functions (3.2.39), with 
smooth vectors /i,/2 := /, /s := f-fi, and Killing pairs ^ respectively rf(^. With the 
abbreviations wfj{s) := uj2{fi,Uj.v^{s)fj), we obtain 

{n,B{f,) {B{f)^,,B{f\^, - i?(/),.^,,5(/),.^J B{f,)9) 

= /, /, /4) - c^f '^'^(/i, /, /, /4) 

= (W?3 W^4)(0) - (wfg -k^ Wf4)(0) , 

where -kf^ denotes the Wcyl-Moyal star product on smooth bounded functions on IR^, 
with the standard Poisson bracket given by the matrix (3.2.5) in the basis {Ci, (^2}- Now 
the asymptotic expansion of this expression for k ^ gives in first order the difference 
of Poisson brackets [EGB+89] 

{<, <}(0) - {<3, 0(0) = (/l,PiV)(/,P|/4) - (/l,P|/)(/,Pf/4) 

where all scalar products are in /C and P[ , P!^ denote the generators of s 1— )■ u^V({s). 
By considering /4 orthogonal to P{f and P^* f, we see that for B(f)i^^K = P(/)rfc,K 
it is necessary that (/i, (Pj" — Pj* )f) = 0. But varying /, /i within the specified 
limitations gives dense subspaces in /C, i.e. we must have Pj = Pj ■ This implies that 
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translations in a spacelike direction are represented trivially on the Dirac field, which is 
not compatible with its locality and covariance properties. 

So we conclude that the deformed field operator B{f)j.V(^i^ is not independent of </? 
for K 7^ 0, and hence the cyclicity assumption is not valid for k 7^ 0. Since on the 
other hand Vt is cyclic for 5^(/C)o" by the Reeh-Schlieder property of u, and a unitary 
V leaving VL invariant and mapping 5^(/C)o onto ^{lC)i^ would preserve this property, we 
have established that the nets and 5^^, « 7^ 0, are not equivalent. □ 



Chapter 4 



Quantum Field Theories on de 
Sitter Spacetime 

In this chapter we apply the warped convolution deformation procedure to quantum 
field theories with global U(l) gauge symmetry on four-dimensional de Sitter space- 
time. This spacetime does not belong to the class considered in chapter 3, since it 
does not admit two linearly independent commuting Killing vector fields. We use a 
combination of external and internal symmetries, consisting of a one-parameter group 
of boosts associated with a wedge and the gauge symmetry, as an IR^-action to define 
the deformation. The resulting theory is wedge-local and unitarily inequivalent to the 
undeformed one for a class of theories, including the free charged Dirac field. 

This chapter structured as follows. In Section 4.1 the basic notions concerning the 
geometry and causal structure of de Sitter spacetime are recalled and we discuss the 
de Sitter group together with its universal covering. After that, the covariance and 
inclusion properties of wedges in de Sitter space are studied. 

In Section 4.2 we consider quantum field theories with global gauge symmetry within 
the algebraic setting (field nets) and we show how to reconstruct a wedge-local field net 
from an inclusion of two C*-algebras, which are in a suitable relative position to a 
wedge. Then the warped convolution deformation is applied to a field net with global 
U(l) gauge symmetry and the properties of the resulting theory are studied. 

In Section 4.2.3 a particular class of field nets is investigated in more detail, namely, 
nets of CAR-algcbras. For these theories the deformed operators can be computed 
explicitly. The fixed-points of the deformation map are determined and it is shown that 
the deformed and undeformed field nets are non-isomorphic. In the end we comment 
on warped convolutions in terms of purely external and internal symmetries using other 
Abelian subgroups of the de Sitter and gauge group. 
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4.1 de Sitter spacetime 

4.1.1 Geometry and causal structure 

The de Sitter spacetime (M, g) is a vacuum solution of Einstein's equation with positive 
cosmological constant. It is maximally symmetric, so it admits 10 Killing vector fields, 
which is the maximum number for a spacetime of dimension four. It is also globally 
hyperbolic, so the Cauchy problem for partial differential equations of hyperbolic type, 
such as the Klein-Gordon and Dirac equation, is well-posed. Furthermore, it is a special 
case of the Friedmann- Robertson- Walker spacetimes which describe a spatially homoge- 
neous and isotropic universe and it plays a prominent role in many inflationary scenarios 
for the early universe [Lin09] . 

Most conveniently it can be represented as the embedded submanifold 

M ^ {x eU^ : X ■ X ^ -1} 

of flve-dimensional Minkowski space {Ii^,r]). The signature of i] is (1, —1, —1, —1, — 1) 
and the de Sitter radius is fixed to one. The metric g on M is the induced metric 
from the ambient space, i.e. g = i*r], where l : M IR^ is the embedding map. 
We use the ambient space notation to parametrize the dc Sitter hyperboloid, so we 
write X = {x'^,x^,x), x = {x^,x^,x'^) for points in M, subject to the relation {x'^y — 
Y,l=i{x''f = -1, where {x^ : = 0, . . . , 4} is a Cartesian coordinate system of R . 

Since the metric on M is the induced metric from the ambient Minkowski space, the 
causal structure is also inherited. Hence points in (M, g) are called timelike, spacelike 
or null related, if they are so as points in (IR^, r]), respectively. We fix a time orientation 
in (M, g), such that (1,0,0,0,0) e IR^ is future-directed. The interior of the causal 
complement of a spacetime region O C M is denoted by O'. 

For the generators of the Clifford algebra which is associated with the quadratic form 
X • X on the vector space we use the representation [Gaz07] 

where = (— l)^(jfe_i and crfe_i are the Pauli matrices. We have {7^, 'j^} — 27)^1, ■ 1 and 
{1, ei, 62, 63} is a basis of the quaternions H. Note that this representation is in fact not 
faithful, since i^o • • • 74 = 1- Similar to the case of four-dimensional Minkowski space, 
where points are parametrized by hermitian 2x2 matrices, we parametrize points on 
the de Sitter hyperboloid by 2 x 2 quaternionic matrices. This parametrization is useful 
for the discussion of the covering group of the de Sitter group later on. Define 

M 3 {x^,x\x)^x^x:^J2^^^f^^ I - _ ^0 ) ^ Mat(2,H), 

where q = {x^, —x) is the quaternionic conjugate of g = {x^, x). Conversely, every 2x2 
matrix of the above form determines a point in de Sitter space via 

xi'^-Ti^^^x), /. = 0,...,4. 
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The map x ^ x defines an isomorphism between M and H(2, EI)7o C Mat(2, M), where 
H(2,EI) are the hermitian 2x2 matrices over H. Furthermore, there holds {x ■ x)l — 
X* 70^70, where is the transpose of the quaternionic conjugate of x. 

4.1.2 The de Sitter group and its covering 

The isometry group of de Sitter spacetime (M, g) is 

0(1, 4) = {A e Mat(5, R) : A^r^A = r]} 

and its action on M is given by the action of the Lorentz group in the ambient Minkowski 
space. This group is a ten-dimensional, non-compact, non-connected and real Lie group 
which has four connected components. The connected component which contains the 
identity is denoted by Cq := S0(l,4)o. This group is called de Sitter group (proper 
orthochronous Lorentz group) and its elements preserve the orientation and time orien- 
tation of (M, g). 

Since we also want to treat quantum fields with half-integer spin we consider the 
two-fold (and universal) covering of Co, which is the spin group Cq := Spin(l, 4). Hence 
there exists a short exact sequence of group homomorphisms 

1 — y ker(7r) = {±1} — y Cq ^ Cq — ^ 1. 

There holds Cq = Co/{±l} and Co is simply connected. Note that the Lie group 
Spin (1,4) is isomorphic to the pseudo-symplectic group [Tak63] 



Sp(l, 1) = I d) ^ Mat(2,H) : ab = cd, 



a\'-\c\' = l, \d\'-\b\' 



Equivalently, h e Sp(l, 1) if and only if h*^oh — 7o- In this representation the covering 
homomorphism t: : Co ^ Cois given by 

1 ~ 
{T^{h))i^u = -Tr(7^/i7^/i-^), he Co 

and Co acts on M by conjugation x i-> hxh~^. 



4.1.3 de Sitter wedges 

Now we discuss the typical localization regions of the deformed quantum fields from 
Section 4.2. In [BB99] a de Sitter wedge is defined as the causal completion of the 
worldline of a uniformly accelerated observer in de Sitter space. Equivalently, they can 
be characterized as intersections of wedges in the ambient Minkowski space [TW97] and 
the de Sitter hyperboloid. Hence we specify a reference wedge 

Wo := {xeH^ ■.x^> \x^\}nM 

and define the family of wedges W as the set of all de Sitter transforms of Wo'. 



W := {hWo : h e Co}. 
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By definition, Cq acts transitively on W. Each wedge e W has an attached edge 
E\Y which is a two-sphere. We have E^q — {x & M : — — Qi} and Ew — 
hEwo for W — hWo- The wedge W coincides with a connected component of the 
causal complement of the edge Ew [BB99] . For the stabilizer of the wedge W we write 
Cq(W) := {heCo:hW = W}. 

From the properties of wedges in (R^,?]) follows that the causal complement of a 
wedge is again a wedge and that every W is causally complete, i.e. W" — (W)' — 
W. Furthermore, the family W is causally separating, so given spacelike separated dou- 
ble cones Oi, O2 C M, there exists eW such that OiCW GO2' (see [TW97]). 

For every W eW there exists a one-parameter group Tw = {-^w{t) E jCq : t E H}, such 
that each Aw{t),t eJR maps W onto W and Awit)W = W for all t eJR. Moreover 

Ahw{t) = hAw{t)h-\ hejCo,teWi. (4.1.1) 

Associated with Tw is a future-directed Killing vector field in the wedge W and the 
worldline from which the wedge is constructed is an integral curve of (a portion of) this 
vector field. Furthermore, for every W & W there exists a reflection jw £ jO,q which 
maps W onto W and satisfies 

j^W^W, jhw^hjwh-\ heU (4.1.2) 

Since Cq acts transitively on W we only need to specify these maps for Wq. We choose 

/ cosh(27rt) sinh(27rt) \ 
Awoit) -.^ [ sinh(27rt) cosh(27rt) , jwo{x'^,x^,x) :^ {x'^, -x^, -x) (4.1.3) 

V I3 y 

and note that C,Wo = a;^9^o + x^d^i is the associated Killing vector field. 

Remark 4.1.1. Within the context of applications of Tomita-Takesaki modular the- 
ory in quantum field theory the standard choice for the reflection is {x^,x^,x) 1— )■ 
{—x^,—x^,x), which is an element of the extended symmetry group £+ = Cq >i Z2. 
In this thesis we have no intention to use these techniques and the choice (4.1.3) ap- 
pears to be more natural since we restrict our considerations to £0- However, all of our 
results can be generalized to the group JC+ in a straightforward manner. 

The following lemma collects the basic properties of these maps. 

Lemma 4.1.2. Let W E W and Aw{t) e Tw, jw be as above. Then 

a) hAw{t)h-^ = Aw{t), h e CQ{W),t e 

b) 3wAw{t)3w = Aw(-t), t e R, 



Proof, a): For h e Co{W) holds Aw{t) = Ahw{t) = hAw{t)h-^ for aU t e R by (4.1.1). 
b): This follows from jwa^Woifyjwo = ^Wo{—t) and (4.1.1), (4.1.2). □ 
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The stabihzer of W has the form Cq{W) = F^y x SO (3), where SO (3) are rotations 
in Ew Hence Tw coincides with the center of Co{W). Prom b) follows that the Killing 
vector fields associated with W and W differ only by temporal orientation. 

The following lemma shows that the possible causal configurations of wedges are 
very much constrained in de Sitter space. 

Lemma 4.1.3. Let Wi,W2eW and W1GW2. Then W^^Wi- 

Proof. The wedges Wi, W2 can be written as Wk — M H Wk, k = 1, 2, where Wk is a 

wedgejn the ambient Minkowski space. Since the causal closure of Wk in IR^ coincides 
with Wk, there follows Wi C W2 from Wi C 14^2 • As the edges both contain the 
origin, there follows E^^^^ = Ey^^ and also Ey^^ = Ew,^ since E-^^^ = M fl Ey/^- The 
assertion Wi = W2 follows from the assumption Wi C W2 together with the fact that 
Wk is a connected component of the causal complement of Ew^, ■ □ 

Remark 4.1.4. All the previous statements carry over to the covering Cq in a straight- 
forward manner. Define an action of jCq on W with the covering homomorphism 

hW := 7r{h)W, he Co,W eW, (4.1.4) 

which is transitive, since jCq acts transitively. The one-parameter group Tyy C Cq lifts 
to a unique one-parameter group C Cq and for its elements we write \w{t),t G IR. 
Again, since Cq acts transitively on W, we only need to specify these maps for Wo- We 
have [Tak63, p. 368] 

. /,\_( cosh(7rt) sinh(7rt)\ 
>^Wo{t) - l^sinh(7ri) cosh(7ri); ■ 

Clearly, \w{t)W — W and Xhw — hXwh~^ for aR h E Cq, W E W with respect to the 
action (4.1.4). For the hft of the refiection jVo we choose 

Again, j^yW = W' and = hjy,hr^ for all h e L^^W eVs^ with respect to (4.1.4). 
Hence analogous statements as in Lemma 4.1.2 hold for V-^i with replaced by Lq, i.e. 

hXwit)h~^ = Xw{t), jw^wit)jw = Xw{-t), (4.1.5) 

for all h e Co{W) := {h e jCq : hW ^ W} and t e R. 

4.2 Deformations of quantum field theories on de 
Sitter spacetime 

4.2.1 Field nets 

We use the algebraic formulation of quantum field theory on curved spacctimes [DimSO] 
adapted to the concrete case of de Sitter space [BB99] (see also section 1.1). To this end. 
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we consider a C*-algebra 5^ (field algebra) whose elements are physically interpreted as 
(bounded functions of) quantum fields on M. We equip 5 with a local structure and 
focus on localization in wedges, since this turns out to be stable under the deformation. 
Hence we associate to each W E W a C*-subalgebra ^(W) C 5^. Due to the trivial 
inclusion properties of wedges in dc Sitter space (see Lemma 4.1.3) the usual isotony 
condition reduces to well-defincdncss oi W ^ 5^(M^)- 

We assume that there exists a strongly continuous representation a of Cq by auto- 
morphisms on ^, such that 

1) (De Sitter Covariance): for all h e Co, W eW holds 

Furthermore, we assume that there is a Lie group Q (global gauge group) and a strongly 
continuous representation cr of ^ by automorphisms on ^, such that 

2) (Gauge Invariance): for all g E Q, h E Co, W eW holds 

'J9mW))^d{W), agoah^anoag. (4.2.1) 

We assume that there exists a distinguished element go E Q such that 7 := crigo) satisfies 

7^ = id. (4.2.2) 

This (grading) automorphism can be used to separate an operator F E d{W) into its 
Bose(+) and Fermi(-) part via F± := {F ± 7(F))/2. 

Remcirk 4.2.1. For convenience, we assume that the datum ({^(VF) : W E W}, a, a, 7) 

is faithfully and covariantly represented on a Hilbert space T-t. So to each '^{W) corre- 
sponds a norm-closed *-subalgebra of B{7i) and the automorphisms a, a, 7 are imple- 
mented by the adjoint action of unitary operators U, V, Y on T-L, respectively. Note that 
this is only a slight loss of generality since we can either use the (universal) covariant 
representation which exists for every C*-dynamical system (see [BLSll, DLMll] and 
references therein) or we work in the GNS-representation of a de Sitter- and gauge- 
invariant state. In the former case we assume that H is separable, as it is the case in a 
variety of concrete models. 

We assume that the grading satisfies = 1. With the operator Y a unitary twisting 
map Z is defined to treat the (anti) commutation relations between the Bose/Fermi parts 
of fields on the same footing [DHR69]. Let Z := (1 — iY)/y/2 and 

^{Wy := Z^{W)Z-\ 

The map F i-)- ZFZ~^ is an isomorphism of and we have [Foi83] 

^{wy = d{w), diwf = d{wy\ w ew, 

where the commutant is understood as the relative commutant in ^. Locality is now 
formulated in the following way 
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3) (Twisted Locality): ^iW) C diW'Y', W eW. 

Twisted locality is equivalent to the ordinary (anti) commutation relations between the 
Bose/Fermi parts F± of fields, i.e. G±] = [F±, G+] = G_} = for F e ^{W), 
G e diW), W eW (see [DHR69]). 

For later reference we define the joint action r : £0 x ^ — > Aut(5^) of the external 
and internal symmetry group on ^ by 

rh,g ■= oih ocTg, hE Cq, q eQ. (4.2.3) 

The unitary which implements this action is U{h)V{g) —: \J{h,g). 

Remark 4.2.2. A datum : W e W},Q;,cr, 7) which satisfies conditions 1) - 3) 

is referred to as a wedge-local field net. We simply write to denote it, if no confusion 
can arise. Examples are nets of CAR-algebras with gauge symmetry, such as the free 
charged Dirac field (see section 4.2.3). 

Remark 4.2.3. Given a field net, the net of observables is defined as 

%{W) := {F e diW) : a,(F) ^ F, g e G}, 
so observables form the gauge- invariant part of the field net. 

Similar to the construction of wedge-local nets from wedge triples (see section 1.2), 
it is possible to define a wedge-local field net in terms of an inclusion of just two C*- 
algebras which are in a suitable relative position to Wq. This point of view will be 
advantageous for the warped convolution later on, since the deformation of a wedge- 
local field net amounts to deforming the relative position of one algebra in the other. 
Following [BLSll] we make the following definition. 

Definition 4.2.4. A causal Borchers system (5^o,5^, ce, cr, 7), relative to H^o, consists of 

• an inclusion ^0 C ^ of concrete C*-algebras 

• commuting representations a : Cq ^ Aut(5^) and cr : ^ — >■ Aut(5) which are 
unitarily implemented 

• an automorphism 7 on 5^ which commutes with a and a and satisfies 7^ = id 
such that 

a) ah{^^) ^do, he CoiWo) 

c) crg{^o) = do, g ^ Q- 
Proposition 4.2.5. Let {^q, ^, a, a, 7) be a causal Borchers system relative to Wq. Then 

W := hWo ^ ahido) =: d{W), (4.2.4) 



defines a wedge-local field net together with {a,a,j). 
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Proof. We begin by proving well-definedness. From hiWo = h2Wo follows hiW^ — 
Wo and c^h-^h-^^{^o) = do by assumption a). Hence ah^ido) = 0^/12 (t?o) and the assertion 
follows. 

Covariance holds by definition. 

Twisted locality is proved in a similar way. Let W — hWo. Since W — hj^^^Wo 
there holds 



where we used condition b), together with the assumption that each ah, h & jCq is a 
homomorphism which commutes with 7. 

The gauge invariance of the local algebras follows immediately: 



Note that the converse of this proposition is trivially true. Given a wedge- local field net, 
then d{Wo) C ^ satisfies property a) by covariance and b) by twisted locality. Property 
c) holds by definition. 

Renicirk 4.2.6. A causal Borchers system (^'o, 5^, a, c, 7) is closely connected to the 
notion of a causal Borchers triple [BLSll] on Minkowski spacetime (see also [LeclO] for 

the related notion of a wedge triple). In this setting, C B{'H) is a von Neumann 
algebra and a is the adjoint action of a unitary representation U of the Poincare group. 
In addition one assumes that the joint spectrum of the generators of the translations U \ 
is contained in the closed forward lightcone (spectrum condition) and that admits 
a cyclic and separating vector (existence of a vacuum state) . Gauge transformations are 
absent in this setting since nets of observables are considered. 

Remcirk 4.2.7. For the sake of brevity we will write ^0 C 5^ to denote a causal Borchers 
system relative to Wq. 

4.2.2 Deformations of field nets with U(l) gauge symmetry 

Now we apply the warped convolution deformation method to our present setting. Let 
do C 'd he a causal Borchers system relative to Wq. The basic idea is to define a defor- 
mation (5^o)c,«: of the small algebra do using a suitable R^-action (see below) in such a 
way that {do)^,K C 5^ is again a causal Borchers system. Then the inclusion {do)^,K C d 
gives rise to another wedge-local field net by Proposition 4.2.5. 

For the warped convolution we make the further assumption that the gauge group is 
Q = U(l) = R/27rZ. The representation a of U(l) yields a 27r-periodic R-action 
F I—)- (Texp{is){F) , s G R by automorphisms on d- The warped convolution is now defined 
with the R^-action coming from the one-parameter group of boosts Twq C Cq and 
the internal symmetry group: 



d{W) = anj^ido) C auiidoY') = MdoY' = d{W'f, 




□ 
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Note that imphcitly depends on the Kilhng field ^ := which is associated with 
Wo (see Section 4.1.3). We will use the notation 

X^{t) := Xwoit), U^it) := U{X^it)), V^{t,s) := U(A^(t),s). 

Since the warped convolution is defined is terms of oscillatory integrals of operator- 
valued functions, we first need to specify suitable smooth elements of ^ for which these 
integrals arc well-defined. The joint action (4.2.3) is a strongly continuous action of 
the Lie group Cq x U(1) which acts automorphically, and therefore isometrically, on ^. 
The algebra is, in general, only invariant under the action of the subgroup Co{Wo) x 
U(l). Adapted to the present setting, and following [DLMll], we consider the following 
weakened notion of smoothness with respect to the subgroup x U(l). 

Definition 4.2.8. An operator F e ^ is called ^-smooth, ii 3 v "^K-^) e 5^ is 
smooth in the norm topology of ^. The set of all ^-smooth operators in ^ is denoted by 

Note that the set is a norm-dense *-subalgebra of (see [Tay86]). Another 
ingredient for the definition of the warped convolution is the antisymmetric (real) matrix 



e 



1 
-1 



and an arbitrary but fixed real number k which plays the role of a deformation param- 
eter. 

Definition 4.2.9. The warped convolution of an operator F e ^'^ is defined as 

F^,, := hm / dv dv' e^^' x{sv, ev') ri^^F)^ ^{v') . (4.2.5) 

Here vv' denotes the standard Euclidean inner product of f , v' G and x ^ C'^{B? x 
JR-^)) x(0,0) = 1 is a cutoff function which is necessary to define this operator- valued 
integral in an oscillatory sense. 

Prom the results in [BLSll] follows that the above limit exists in the strong operator 
topology of B{l-L) on the dense domain 

-W^ ■= e n : Co X U(l) 3 {h,g) ^ lJ{h,g)^ E Tiis smooth in || • ||^} 

and is independent of the chosen cutoff function x within the specified class. The densely 
defined operator extends to a bounded and smooth operator, which is denoted by 
the same symbol. For the space of all vectors which are smooth with respect to the 
representation we write "H^. 

Furthermore, it is shown in [BLSll] that the warped convolution (4.2.5) is closely 
related to Rieffel deformations of C*-algcbras [Rie92]. In this context one defines, instead 
of a deformation of the algebra elements, a new product x^ ,^ on ^'^ by 

F x^,. G -i^ hm / dv dv'e-'^^'xiev, ev')4,^{F)4iG). 
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This hmit exists in the norm-topology of ^ for all F,G ^ and F x ^ ,j G is again in 
The completion of {^f, x^^^) in a suitable norm yields another C*-algebra [Rie92]. 
The following lemma collects the basic properties of the map F i-> F^_„ and shows 
that the warped operators form a representation of the Rieffel deformed C*-algebra for 
a fixed deformation parameter. 

Lemma 4.2.10 ([BLSll, DLMll]). Let F,G e^f and k e H. Then 

a) iF^,.r = (F*)^,.. 

b) F^,,G^,, = (F x^,, 

c) If [t|(F), G] = for all v e ]R^ then G'e,_«] = 0. 

d) If [ZtI{F)Z*, G] = for all v G ]R^ then [ZF^^^Z*, = 0. 

e) Let X E B{l-L) he a unitary which commutes with ^^{v) for all v G H^. Then 
XFg,«X-^ = (XFX-i)^,^ and XF^^^X'^ is ^-smooth. 

Proof. Statements a), b), c), e) were shown in [BLSll]. Assertion d) is a consequence 
of Lemma 3.2.2 in Chapter 3 and the fact that 7 commutes with a and a. □ 

The next lemma lists the transformation properties of warped operators under the 
de Sitter and gauge group. 

Lemma 4.2.11. Let F e , n e^, h e Zq and g e U(l). Then 

a) ah{F) is h^^-smooth and 

ah{F^,.) = ah{F)h^^,,, (4.2.6) 
where h^^ is the push-forward of ^ with respect to h. 

b) CFg{F) is ^-smooth and 

^siF^,^) = (4.2.7) 

Proof. Statement a) follows from Lemma 3.2.3 in Chapter 3 and the fact that a and a 
commute. Statement b) follows from Lemma 4.2.10 e). □ 

Now wc apply the warped convolution deformation method to a causal Borchers 
system C Define 

{do)i,. ■■= {F^,. :Fe5^on5^}"'". 

The following theorem shows that the inclusion {do)^,K C ^ gives rise to a wedge-local 
field net in the sense of Proposition 4.2.5. 

Theorem 4.2.12. Let {^o)^,k be as above. Then 
a) oih{{do)^,K) = {do)^,K: 9 e £o{Wo), 
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Proof, a): Let F E ^of}^f and h G Cq{Wq). From (4.1.5) follows that h commutes 
with each A^(t),t e R. Hence 

by Lemma 4.2.11 a) and ah{F) G by property a) of the undeformed causal Borchers 
system. Therefore G (5^o)?,k and by taking the norm-closure of : F e 

5^0 ng'^} the statement ^^((S'o)^^) = (5'o)c,«: follows, 
b): From Lemma 4.2.11 a) and (4.1.5) follows 

(^^a) = {F)iwoM = "^-0 (^)«.-- (4.2.8) 
together with an elementary substitution in (4.2.5). We have aj^^{F) e (5^o)*' by 
property b) of the undeformed causal Borchers system, i.e. [Zaj^^, {F)Z~^,G] = for 
all G G 5^0- Pick some G E and consider its warped convolution G^,k. We have 

[ZT^{aj^^{F))Z~^ , G] = for all v e since is invariant under Twq x U(1)- Hence 

[Z^jwM^)Z-\Ga = a,.^^([ZF^,.Z-Sa,-^^(G'^,J]) = «,-^/[ZF^,.Z-\ G^,,,]) = 

by (4.2.8) and Lemma 4.2.10 e). By taking the norm-closure of {F^,^ : F e ^qH ^f} 
the statement aj^^{(^o)^,^) C ((5^o)^,«)*' follows. 

Assertion c) is a consequence of Lemma 4.2.11 b) and the invariance under gauge 
transformations. □ 

Remark 4.2.13. Note that the minus sign which appears in (4.2.8) is the main reason 
why the locality proof works. That this argument is also valid for the extended symmetry 
group can be seen in the following way. The reflection jwoi^^, ^) = (~^°) —x^, x) 
commutes with boosts in the x^-direction. Again, a deformed operator transforms under 
the lift jiYg of jwo according to ctj^ (-^Ca) ~ -^^ -« since j^r^ is represented by an 
an^mnitary operator. 

4.2.3 Example: Deformations of CAR-nets 

Now we investigate a particular class of wedge-local field nets in more detail, namely, 
nets of CAR-algebras. The free charged Dirac field is an example thereof. After it is 
shown that these models fit into the framework of Section 4.2.2, the properties of the 
deformed field operators and observables are studied and it is proved that the deformed 
and undeformed nets are non-isomorphic. 

The selfdual CAR-algebra 

We use Araki's selfdual approach to the CAR-algebra [Ara71]. Let be a separable 
infinite-dimensional complex Hilbert space with inner product (. , .) and let C be an 

antiunitary involution on H, i.e. there holds = 1 and (C/i,C/2) = {f2, fi) for all 
/ii /2 £ H. On the *-algebra CARq{H, C) which is algebraically generated by symbols 
B{f),f G H and a unit 1, satisfying 
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a) / B{f) is complex linear, 

b) B(f)*^B(Cf), 

c) {B{f,),B{f,)} = {Chj2)-l, 
there exists a unique C*-norm satisfying 

miw = livt + v\\iv-\{f,cf)\'). 

Hence, each B{f) is bounded and / i— )> B{f) is norm-continuous. The C*-completion of 
CARo{H, C) is denoted by CAR(if, C). This C*-algebra is simple, so all its representa- 
tions are faithful or trivial [Ara71]. 

If w is a unitary on H which commutes C, then au{B{f)) := B(uf) defines a *- 
automorphism on CAR(i7, C). We refer to as Bogolyubov transformation and to q;„ 
as Bogolyubov automorphism. 

Quasifree representations 

A state u! on CAR(i7, C) is called quasifree, if 

Uj{B{f,)---B{f2n+lj)=0 

n 

u{B{h) ■ ■ ■ B{h^)) = (-irM/2^sgn(e)n^(5(/.w)5(/.{fe+n))) 

e fe=l 

holds for all n e INT, where the sum runs over all permutations e of {1, ... , 2n\ satisfying 

e(l) < ■ ■ ■ < e(n), e(A;) < e(A; + n), A; = l,...,n. 

Let 5" be a bounded linear operator on H satisfying 

S^S\ < < 1, CSC ^l-S. 

In [Ara71, Lem.3.3] it is shown that for every such S there exists a unique quasifree 
state ijJs satisfying 

us{B{f)B{g)) = {Cf,Sg). 

Conversely, every quasifree state on CAR(i7, C) gives rise to such an operator [Ara71, 
Lem.3.2]. Hence quasifree states can be parametrized by this class of operators. 

Let Us be a quasifree state. For the GNS-triple associated with (CAR(i7, C), a;^) 
we write ("H^, tt^, fi^). If a Bogolyubov transformation u commutes with S, then the 
associated Bogolyubov automorphism can be implemented, i.e. there exists a unitary 
operator Us on Hs, such that 

7r5(Q;„(F)) = Us7rsiF)Us\ Us^s = Q5 

holds for all F e CAR{H,C) (see [Ara71, Lem.4.2]). 
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Fock states are a particular class of quasifree states where 5* = P is a projection. 
The GNS Hilbert space Hp is the Fermionic Fock space over PH 



n>l 

where A"^PH denotes the antisymmetrization of the n-fold tensor product of PH, the 
cyclic vector r2p is the Fock vacuum in "Hp and 

MB{f))-(iHPCf) + a{Pf), 

with the standard Fermi creation and annihilation operators a^{Pf) on l-Lp. Two 
representations (TipjUp) and ("Hp^TTp/) are unitarily equivalent, if and only if P — P' 
is Hilbert-Schmidt [SS64, Ara71]. As a consequence, a Bogolyubov transformation u is 
implementable, if and only if [u, P] is Hilbert-Schmidt. 

Nets of CAR-algebras 

In order to introduce charges and global gauge transformations we double the Hilbert 
space :— H ® H and define the antiunitary involution 

C 
C 

We denote elements in S) hj (B f-, f± E H and for the inner product in S) we write 
(.,.). Applying Araki's construction to yields again a C*-algebra CAR{S^,€.). 

The unitary operators 

v{s){U e /-) := e^7+ ® e""/-, s e M, U e H (4.2.9) 

commute with € so there exists a representation a : U(l) — > Aut(CAR(i3, (T)), such that 

a,(P(/)) = B{v{s)f). (4.2.10) 

We assume that there exists a unitary representation u of Cq on S) which commutes 
with €. so that there exists a representation a : Cq ^ Aut(CAR(^, £)) satisfying 

«,(P(/)) = B{u{h)f). 

For the representers of the subgroup we write u^{t) :— u{X^{t)), t e R. 

Remcirk 4.2.14. The picture in terms of spinors and cospinors is obtained by setting 

*(/_)- P(0©/_), <if^{U):=B{U(BO). (4.2.11) 

There holds ^(/-)* = *^(C/_) and *^(/+)* = *(C/+). From the linearity of / ^ B(f) 
follows that (co) spinors transform according to 

a,(*(/_)) = e--*(/_), <7,(*t(/^)) = e-*t(j^) (4.2.12) 
under gauge transformations. 
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Now we come to the net structure of the theory. Let S^q C he a complex linear 
subspace satisfying <tSjo C Sjq and 

i) u{h)S)o = iOo, he Co{Wq), 
ii) u{jwo)^o C (^o)^, 
Hi) v{s)S^o = S)o, s e M, 
where {S)o)'^ is the orthogonal complement of i^o- 

Remark 4.2.15. In concrete models this space is explicitly given and can be constructed 
by different methods. In the case of the free charged Dirac field the space S^q can be 
defined as the set of (Fourier-Helgason transforms of) spinor- valued testfunctions on M 
which are locahzed in the wedge Wq (see [BG''"01] and [BM96] for the scalar free field 

case) or one considers smooth sections of the Dirac bundle over M modulo the kernel 
of the causal propagator which is associated with the Dirac equation [Dim82, SanlO]. 
Since this space is constructed from testfunctions it is clear that conditions and 
Hi) are satisfied. 

It is an easy exercise to show that the above conditions imply that 

W := hWo ^ u{h)S^o =: Sj{W) 

is an isotonous, £o-covariant, wedge-local and gauge-invariant net of complex Hilbcrt 
spaces in the sense of [BJL95]. Hence it is an immediate consequence of Araki's con- 
struction that 

W ^ CAR{S){W), £) =: diW) Cd-= CAR(^, H) (4.2.13) 

is a wedge-local field net. Equivalently, from conditions i), ii) and Hi) follows that the 
inclusion CAR(i5o, <t) =: 5o C 5^ = CAR(i5, €) satisfies 

• M^o) ^do, he Co{Wo) 

• aj^^ido) C (do)" 

• crs{^o) = S'o, sen 

and hWo ah{^o) defines a wedge- local field net by Proposition 4.2.5) which coincides 
with (4.2.13). 

Remark 4.2.16. Obscrvablcs in this net arc polynomials of ^(/_)\&^(/+) which are 
manifestly gauge-invariant. The quasilocal algebra generated by them is denoted as 21. 

From the above discussion it is clear that W h-)- ^{W) complies with the general 
assumptions of Section 4.2.1. As we mentioned before, the algebra ^ contains a norm- 
dense *-subalgebra of smooth elements ^T. These can be explicitly constructed by 
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smoothening out any element F G ^ with a smooth and compactly supported function 
/eCo~(rH.oXU(l))via 

Ff:= I d{h,g)TliF)f{h,g) 

where d{h,g) is the left-invariant Haar measure on x U(l). By choosing sequences 
of functions /„ which converges to the Dirac delta measure at the identity of Fvk,, x U(1) 
one sees that these elements are dense in ^ in the norm topology. Since the subalgebra 
^0 is invariant under the action it also contains a norm-dense *-subalgebra of smooth 
elements. For the warped convolution hWo i-> q;/i((5'o)^,k) of a net of CAR-algebras we 
will use the shorthand notation ^i^. 

Remcirk 4.2.17. As we mentioned before, the free charged Dirac field provides an 
explicit example of a wcdgc-local field net of CAR-algebras. For spin 1/2 fields there 
exists a unique de Sitter-invariant state with the Hadamard property [AJ86, AL86]. It 
is the analogue of the Bunch-Davies state [A1185] in the the spin 1/2 case. The Dirac 
field in this representation was studied in [BG'^01] and it was shown that it satisfies the 
so-called "geometric KMS-condition" . By the same methods as in [BB99] one can prove 
that this condition imphes the Reeh-Schlieder property of the state. 

Deformation fixed-points for observables 

Let 5^ be a CAR-net over (i^, C) in a quasifree representation {l-Ls, t^s, ^s) of a de Sitter- 
and gauge-invariant state. 

Remark 4.2.18. As we mentioned before, all representations of the CAR-algebra are 
faithful so will omit the ^'-dependence in our notation from now on. 

For the implementing operators we write 

7r(a,(S(/))) = U{h)7:{B{f))U{h)-\ 7rK(S(/))) = Vis)7:{B{f))Visr\ 

As a and a are strongly continuous, the representations U and V are also strongly 
continuous. Stone's theorem implies that the one-parameter group {V{s) : s G IR} has 
a unique self- adjoint generator Q with spectrum iS C Z since V{2'!r) — 1. Hence the 
representation space H is iS-graded (charged sectors) 

n^^Hn, -Hn^l^en-.Q^^ n^}. (4.2.14) 

From the transformation properties (4.2.12) for (co)spinors follows that 7r(^(/_)) de- 
creases charges by one and n{'^^{f+)) increases charges by one, i.e. 

7r(*(/_))?{„ C nn-l, T:{^\U))Un C Un+l 

In the following we will frequently use the spectral decomposition V{s) — 
Sne5 ^**"-^(^)' where E{n) is the projector onto the eigenspace of Q. 

Before we determine the fixed-points of the deformation map for observables, we 
compute the warped convolution for intertwiners between charged sectors. 
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Proposition 4.2.19. Let 7r(F) e B('H) be ^-smooth such that 7r{F)Hn C Hn+m- Then 
7r(F)g,« = U^{Kn)7r{F)U^{-K{n + m))E{n). 

neS 

Proof. Let ^ eW^. Then 

4^2 J J 

• U^{Ks)V{-nt)Ti{F)V{-Kt)-%{Ks)-^U^{t')V{s')E{n)^ 
= -\y hm /" dtdt' hm / dsds'e-'^^^'+'''^xi{£it,eit')x2(e2S,e2s')- 

AtT^ Z—c £1^0 / £2^0 / 

■ U^{Ks)V{-Kt)n{F)V{-Kt)-^U^{Ks)-^U^{t')V{s')E{n)^ 
= hm [ dtdt' hm [ dsds'e-'^^^'+'''^xi{£it,eit')x2(e2S,e2s')- 

= hm / dtdt' hm /" dsds'e-^*(*'+'^"*)e-^"'(^-")xi(£i^,£i^')X2(£2S,£2s')- 

• [/^(«;s)7r(F)C/^(«;s)-iC/^(i')£^(n)$ 

27r ^ ei^Oj 

= ^ C/^(«;n)7r(F)C/^(Kn)-^C/^(-Km)£;(n)$. 

In the hrst hne we used the strong convergence of X^nes -^(^) identity and the 

continuity of 7r(F)j^K as an operator on "H for the second equahty. Since the definition 
of the warped convolution (4.2.5) does not depend on the cut-off function x we choose 
X(t,5,t',s') = Xi{t:t')x2{s,s') With Xk e Co~(lR X R), xfe(0,0) = 1, A; = 1,2. For the 
fifth equality we use Fubini and regularize the integrals in the variables s, s' and t, t' 
separately by introducing cutoffs £i, £2 (see [Rie92]). The behavior of n{F) under gauge 
transformations and V{s')E{n) = e** "'E{n) is used in the sixth line. After that the 
s'-integration is performed and the Fourier transform of X2 yields a factor 2tt6{s — n) 
in the limit £2^0 since X2(0, 0) = 1. Similarly we obtain a factor 2T:d{t' + Km) in the 
hmit £1^0. □ 
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Remark 4.2.20. Specializing this proposition to m = yields the warped convolution 
for observables and m = ±1 for (co)spinors. 

Next we determine the fixed-points of the map n{A) i— )■ 7t{A)^^^ for observables. For this 
purpose we need some basic facts about one-parameter unitary groups. The unitary 
operators {U^{t) : t e IR} form a strongly continuous one-parameter group and by 
Stone's theorem there exists a unique selfadjoint and (in general) unbounded operator 
(the generator the group) which is defined as 



D{K^) where t ^ U^{t)<^ is smooth in || ■ \\n we write D{K^)°°. Note that D{K^)'^ is 
dense in "H and $ G D{K^)°° if and only if $ G D{{K^y) for all / G IN. If an operator 
commutes with U^{t) for all t G H, then D[K^)°^ is invariant under its action. In 
particular we have 

U^{t)D{K^)°° C D{K^)°°, t G M, E{n)D{K^)°° C D{K^)°°, n e S. (4.2.16) 

Furthermore, for F e there holds 7r(F)D(K^)°° C D(K^)°° since F is smooth with 
respect to boosts. 

Since observables A ^ ^ are gauge-invariant, it follows that they arc diagonal with 
respect to the orthogonal decomposition (4.2.14) of the representation space: 



Furthermore, since observables commute with gauge unitaries and leave charged sectors 
invariant, it follows that each 7r„ : 21 C 5^ — ?> B{l-Ln) is a representation of the quasilocal 
algebra 21. As all representations of the CAR-algebra are faithful, each 7r„, n G 5 is 
faithful. So if Tin{^) = for some n E S, then A = 0, which implies nm{A) = for all 
m G <S by linearity. 

Obviously, from Proposition 4.2.19 follows that 7i{A) is invariant under the defor- 
mation if TTniA) = 1 for all n ^ 0, since X]ne5-^(^) converges strongly to the identity. 
The following proposition provides a partial inverse to this statement. 

Proposition 4.2.21. Let 21 be the net of observables in a CAR-net ^ in a quasifree 
representation of a de Sitter- and gauge-invariant state with Reeh-Schlieder property. Let 
A G 21(1^0) be a ^-smooth observable. If there exists an £ G IR such that 7r(yl)^^«; = tt{A) 
for all \k\ < e, then t^{A) G C • 1. 

Proof. From the linearity of ti{A) i— )■ 7r(yl)^ ^ together with the fact that each projection 
E{n) is linear and commutes with boosts and gauge transformations follows 




TT 



T:{A)E{n) -.Un^n 



TT 



(^)«,« = 0^n(A)^,. = 07r(A)^,«£;(n). 



(4.2.17) 



n6<S n6<S 
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Consider now compact intervals A, A' C IR and the spectral projections E^{A), E^{A') 
of the generator K^. For $, $' G D{K^)°° define vectors $a := -E^(A)$ and : = 
E^{A')^'. As K !->■ 7r{A)^^i^ is constant in a neighborhood oi k, — there follows from 
(4.2.17) 

Proposition (4.2.19) for observables (m = 0) implies 

= ($'a', ^U^{^n)7T{A)Ui{-Kn)E{n)l^^<^>A)n = m($k', [Ki,n{A)]E{n)<^A)n. 

Note that E{n)^ e D{K^)°° and 7r(>l)$ e D{K^)^ for all n e 5, $ e D{K^)°° due to 
the invariance properties (4.2.16) of D{K^)°°. Hence 

= (cl>^„ [(i^^)U(/l)]E(n)$A)H = {^'^„[iK^y,7rn{A)]^A)H 

for all n 7^ 0, Z > 0. Since $a, A C H compact is an analytic vector for K^, there 
follows 

0= ($'^„[t/^(t),7r„(/l)]$A)H = $^^($k„TO^7r„(^)]E(n)$A)H 

Z>0 

As the linear span of {$a : A C 1R compact, $ G /^(f^^)"^} is dense in "H (see [Tay86, 
p. 8]), the bounded operator [U^{t) , 7in{A)] vanishes on for n 7^ 0. However, as 

= U^{t)7rn{A)U^{t)-^ - TTniA) = 7rn{a^,(t){A) - A) 

for all n 7^ implies nm{o:x^(t){A) — A) = for all m G 5 it follows that [U^{t) , nn{A)] 
vanishes on H for all n G «S. 

Since the GNS vector Q is de Sitter invariant there holds 

U^{t)7r{A)n = 7r{A)U^{t)n = 7r(^)0, 

so the vector 7r{A)fl is boost- invariant. In [BB99, Lem.2.2] it is shown that boost- 
invariant vectors must in fact be invariant under the whole de Sitter group. Hence 

U{h)7r{A)U{h)-^n = U{h)7r{A)n = n{A)n, h G £o- 

From the Reeh-Schlieder property of the state follows U{h)7r{A)U{h)~^ — 7t{A) since fl 
is separating for 2l(PVo)- Pick h = j-^^ and we find 

-KiA) G 21(1^0)" n a,-^^ (21(1^0)") C 2l(W^o)" n {%{W^)")' . 

by locality. Powers and St0rmer [PS70] have shown that every quasifree and gauge- 
invariant representation of a CAR-algebra is primary, so the local algebras are factors 
which implies t^{A) G C • 1. □ 
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Unitary inequivalence 

Let 5^ be a CAR-net over {S^, €) in a Fock representation ("Hp, np, Qp) of a de Sitter- 
and gauge-invariant state. An example for such a projection is P = 1 © 0. It commutes 
with € and all gauge transformations. Furthermore, if m is a representation of Cq on S) 
of the form u — Ui ® U2, where Ui,U2 are representations of Cq on H which commute 
with C and arc mutual adjoints of each other, then the associated state (4.2.3) is de 
Sitter- and gauge-invariant. 

Remark 4.2.22. Again, we drop the P-dependence in our notation since all represen- 
tations of the CAR-algebra are faithful. 

In a Fock representation the gauge unitarics take the form V{s) = e'**^, where 
Q = N^l — l^N is the charge operator and N is the number operator on the Fcrmionic 
Fock space over PH. The Fock vacuum is invariant under gauge transformations. The 
spectrum of Q is Z and H is Z-graded 

n = ^Hn, Hn = {^eH:Q^ = n^}. (4.2.18) 

neZ 

The decomposition of H into charged sectors Tin and particle sectors is connected via 

k—l=n 

The grading is implemented by Y = (—1)-^, where A/" is the number operator on H (sec 
[Foi83]). In a Fock representation the (co)spinors take the form 

7r(^(/_)) = a\0 © PC/_) + a(P/_ © 0) (4.2.19) 
ni^iU)) = a\PCf+ © 0) + a(0 © P/+). (4.2.20) 

A straightforward computation shows that the Cq- and gauge-invariance of the state 
implies 

7r(P)5,,l] = 7r(P)l], F E d^, (4-2.21) 

since two unitaries drop out in (4.2.5), which yields corresponding (5-factors after inte- 
gration. 

Now we show that the deformed and undeformed nets are unitarily inequivalent. We 
proceed in a similar manner as in Chapter 3. Consider the wedge Wq and a rotation r*^ 
about an angle > in the (x^, a;^)-plane. It is clear that the region 

/C := r^Wo n r-^VVo, |0| < 7r/2 
is a subset of Wq and that the reflected region Jw^JC lies spacehke to Wq and r'^Wo. 

Proposition 4.2.23. Let be the warped convolution of the CAR-ne^ ^ in a Fock 

representation of a de Sitter- and gauge-invariant state with Reeh-Schlieder property. 
Suppose that u is a faithful^ representation of Cq on S) which commutes with C and P. 
Then the GNS vector fl is not cyclic for ^{1C)J' for n ^ 0. In particular, the nets ^ 
and o^re unitarily inequivalent for k 7^ 0. 



The unitary principal series representations of Lq are faithful [Tak63]. 
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Proof. Let /_ G H{1C)^. Hence f_,u{r '^)/_ G H(Wo)'^ and the warped operators 
7r(\I/(/_))^,«;, '''"(^('^^(^ '^)/-))€,K ^'I'e elements of 5(Wo)k- From the de Sitter covariance 
(4.2.6) follows 

which is an element of ^{r'^WQ)^- Assume now that Q is cyclic for ^{IC)^". This is 
equivalent to ^2 being cyclic for dUwo^)i^" since U{j^r^) is unitary and U{j^r^)Q = Q. 
Hence Q is separating for dijwo^)^' : which contains ^(Wo)/t and ^^(r'^H^o)^ by locality. 
FYom (4.2.21) follows 7r(^'(/_))^,«Q = 7r(*(/_))Q = 7T{^{f_))^,^ Q, i.e. 



7r{^{f-)h. = 7r{^{f-)l,^^^ (4.2.22) 

by the separating property of Q. Consider now a vector (/? © G PH ® PH of charge 
one in the one-particle space. Using Proposition 4.2.19 for m = — 1 we find 



7r(*(/_))^,«((^©0) = J]7r(*(K^(/.n)/_))t/^(/.)£;(n)(<^eO) 



a\0 e PCu^{K)f_)) + a{Pu^{K)f^ 0)) 



(ii^(«;)(^eO) 



= (0 e PCm^(/s;)/_) a (M5(/t)v? © 0) + {Pu^{K)f_ © 0, «j(fi;)y? © 0)^^ 
= [/^(«;)(0 © PC/_) A (99 © 0) + (P/_, 99)p^^Q. 

For the second equality we used that (/9©0 has charge one and the explicit form (4.2.19) of 
cospinors in a Fock representation. For the third equality we used the usual action of the 
Fermi creation and annihilation operators on Fock vectors. For the fourth equality we 
used that u commutes with C and P and the fact that U^{k,) is the second quantization 
of u^{k). By the same computation we find 

7r(*(/_))^,^_^((^ © 0) = U^f^{K){0 © PCf_) A ((^ © 0) + (P/_, ^)pHn. 
As ^■^(/)5,«^> = ^n/)r^5A* ^eU^hy (4.2.22), there follows 

U^(k){0 © PC/_) A ((^ © 0) = C/^^^(k)(0 © PC/_) A ((^ © 0). 

Since f/ is faithful, this implies 1 = Aj(— /t)r'^A^(/t)r~'^ which yields X^{K,)r'^ = t'^X^^k). 
However, for k ^ this is only true for = since boosts in the x^-direction do 
not commute with rotations in the (a;^, a;^)-plane and contradicts our initial assumption 
about the rotation r*^. 

Therefore, the operator ^(/_)^0^ ^ does depend on 0, so that the cyclicity assumption 
on Q for ^{K,)^^^", k 7^ is not valid. On the other hand, we know that fl is cyclic for 
d{IC)" by the Reeh Schlieder property of the state. A unitary which leaves Q invariant 
and maps 5(^) onto 5^(Ar)^,K would preserve this property, from which we conclude that 
the undeformed and deformed net are not unitarily equivalent. □ 
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subgroup Lie algebra generators 
£i S0(2) X S0(2) Mi2, M34 

£2 0(l,l)xS0(2) Moi,M23 

£3 1R2 Mi2-Moi,Af23-Mo3 

£4 ]R X SQ(2) Mi2-Moi,M34 



Table 4.1: Two-dimensional Abelian subgroups of the de Sitter group. 

4.2.4 Deformations with other AbeUan subgroups 

In the course of writing up this thesis also partial negative results were obtained, which 
we would like to briefly comment on. 

The warped convolution which uses a combination of boosts and internal symme- 
tries can, in principle, also be defined for quantum field theories on Minkowski space. 
However, the covariance properties of the deformed operators are very different in this 
setting and a statement similar to Theorem 4.2.12 seems not to hold. The reason for 
this is that is, in contrast to the translations, not a normal subgroup of the Poincare 
group. For a Poincare group element (a. A) one has 

a(a,A)(-^«,«) = Q;(a,A)(-^)(a,A)*^,« 

and 

(a,A)(0,A(t))(a,A)-^ = (-AA(t)A-^a + a, AA(t)A-i) (4.2.23) 

is the flow which is associated with (a, A)^^. Observe that the Lorentz group acts on 
TiYg merely by conjugation. For a translation (a, l)Wo C Wq there is 

in general, since also a translational part is involved in (4.2.23). 

An interesting question is whether other Abelian subgroups of the de Sitter group can 
be used to define quantum field theories in terms of warped convolutions. A complete 
classification (up to conjugacy) of all subgroups of Cq in terms of subalgebras of its Lie 
algebra was given in [PWZ76] (see also [Sha70, Hal04] for the S0(l,3)o case). The Lie 
algebra generators M^^ = —M^^, i/ = 0, . . . , 4 of £0 satisfy the relations 

[M^^, Mp„] = Tj^pM^a + VuaM^p - r]^pM^„ - r],^aM^p. 

The matrices Mq^, k = 1,...,4 generate boosts in the direction and the Mj^, 
j,k = 1,...,4 generate spatial rotations in the (a;-', a;'^')-plane. The two-dimensional 
Abelian subgroups of Co are listed in table 4.1. Ci consists of spatial rotations in 
the {x^,x'^)- and (a;^, a;'')-plane. £2 are boosts in the x-'^-direction and rotations in the 
{x^, a;^)-plane. £3 corresponds to null rotations (translational part of the stabilizer group 
of a light ray). £4 is a combination of a null rotation and a spatial rotation. All of these 
groups can be used to define a warped convolution with the associated IR^-action from 
the representation. Since we are on a curved spacetime it appears to be natural to 
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require that the group which is used for the deformation is a subgroup of the stabihzer 
of a wedge. The reason is that there is not an analogue of the spectrum condition on 
Minkowski space available which restricts the spectral properties of the generators which 
are associated with isomctries (the microlocal spectrum condition only gives a restriction 
on the singularity structure of the two-point function). Comparing the subgroup struc- 
ture of Co{Wo) with the above groups shows that only C2 is a subgroup. However, £2 
violates conditions a) and b) in Definition 4.2.4 for certain reflections: Denote by the 
warped operator, where ( — (Mqi, M23) is a pair of KiUing vector fields (compare Chap- 
ter 3) and consider the reflection ji2{x'^,x^,x^,x^,x'^) = {x^ , —x^ , —x"^ , x^ , x"^) which 
satisfles J12W0 = (Wo)'. The associated flow A(i, s) :— exp(iMoi) exp(sM23), s e IR 
transforms as 

JuMt, s)ii2 = A(-t, -s) 

so that Q!ji2(-^CA) ~ <^ji2(-^)ji2«C,« ~ -^C,« condition b) is violated. Similar problems 
also appear if one uses a combination of boosts and translations along the edge of the 
wedge in the case of Minkowski spacetime. Prom these observations we conclude that 
the position of the subgroup, which is used for the deformation, within the isometry is 
very important and that a modiflcation of the standard warping formula is necessary in 
these cases. 

A deformation with purely internal symmetries, e.g. U(l) x U(l), did not appear 
to be interesting, because an adaption of Proposition 4.2.19 to this case yields that 
the deformation is trivial on the level observables and also trivial for generators B(f), 
provided that the induced charge structure of the gauge groups is the same. 



Chapter 5 

Summary and Outlook 



In this work we studied deformations of quantum field theories in various situations 
where the relativistic spectrum condition is not fulfilled. In particular, we have ex- 
tended the warped convolution deformation procedure to a large class of globally hy- 
perbolic spacetimes. 

For the scalar free field in a thermal representation we were able to establish wedge- 
locality of the deformed models and inequivalence of the corresponding nets. The in- 
equivalence proof showed, in particular, that the thermal Fock vacuum is not separating 
for unions of wedge algebras, which implies that the initial KMS state is not KMS on the 
deformed net. Whether the deformed net admits other KMS states, i.e. if the deformed 
theory still has a good thermodynamic behavior, is, however, open at this point. This 
question is closely connected to thermodynamic properties of deformed vacuum fields 
[Hubll]. 

Assuming that the group of isometrics contains a two-dimensional Abelian subgroup 
generated by two commuting and spacelike Killing fields, we have demonstrated that 
many results known for Minkowski space theories carry over to the curved setting by 
formulating concepts like edges, wedges and translations in a geometrical language. In 
particular, it has been shown in a model-independent framework that the basic covari- 
ance and wedge-localization properties we started from are preserved for all values of 
the deformation parameter k,. As a concrete example we considered a warped Dirac field 
on a Friedmann-Robertson- Walker spacetime in the GNS representation of a quasifree 
and Iso-invariant state with Reeh-Schlieder property. It was shown that the deformed 
models depend in a non-trivial way on k, and violate the Reeh-Schlieder property for 
regions smaller than wedges. At the current stage, it is difficult to give a clear-cut 
physical interpretation to the models constructed here since scattering theory is not 
available for quantum field theories on generic curved spacetimes. Nonetheless, it is 
interesting to note that in a field theoretic context the deformation leaves the two-point 
function invariant (Proposition 3.2.5), the quantity which is most frequently used for 
deriving observable quantum effects in cosmology (for the example of quantized cosmo- 
logical perturbations, see [MFB92]). So, when searching for concrete scenarios where 
deformed quantum field theories can be matched to measurable effects, one has to look 
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for phenomena involving the higher n-point functions. 

By using a one-parameter group of boosts and a global U(l) gauge group we deformed 
quantum field theories on de Sitter spacetime in such a way that wedge-localization and 
de Sitter covariance is preserved for all values of the deformation parameter. This pro- 
vides the first example of a warped convolution which is formulated in terms of internal 
symmetries. For models which arise from inclusions of CAR-algebras we determined 
the fixed-points of the deformation map and showed that the deformed and undeformed 
theories are unitarily inequivalent. In section 4.2.4 we gave a complete list of all two- 
dimensional Abelian subgroups of the de Sitter group. Wc argued that all of them 
can in principle be used to define a warped convolution, but that the deformation of a 
wedge triple by means of these subgroups is no longer a wedge triple. We surmise that 
a modification of kernel in the warping formula (1.2.3) is required in these cases. 

There exist a number of interesting directions in which this research could be extended. 

Due to the tensor product structure of the Fock space in the Araki- Woods repre- 
sentation there exist other deformation procedures which are different from the one we 
used. For example, one can think of a "thermalization" of the deformed vacuum fields 
(j)0{f) in [GL07] of the form 0e,/3(/) := MV^^ /) (g) 1 + 1 ® MVPf)- These fields are 
also wedge-local but their n-point functions are different than the ones we computed in 
section 2.4. Another possibility is to consider charged fields on the thermal Fock space 
and deformations with opposite sign on the two tensor product factors. However, none 
of the deformations were studied in detail due to limitations of time, but I believe they 
deserve further investigation. 

As far as the geometrical construction of wedge regions in curved spacctimes is 
concerned, we limited ourselves to edges which are generated by commuting Killing 
vector fields. This assumption rules out many physically interesting spacetimes, such 
as de Sitter, Kerr or Fricdmann-Robertson- Walker spacetimes with compact spatial 
sections. An extension of the geometric construction of edges and wedges to such spaces 
seems to be straightforward and is expected to coincide with the notions which are 
already available. 

In the case of de Sitter spacetime it is desirable to make contact with the deformation 
scheme from chapter 3. There the Killing flow which is associated with the edge of a 
wedge was used to formulate the deformation. In de Sitter space, edges have the topology 
of a two-sphere, which is an SO (3) orbit. A generalization of the warped convolution 
deformation formula could involve an integration over this group instead of R^. But 
deformations of C*-algebras based on actions of this group arc currently not yet available 
(see however [Bie02] for certain non- Abelian group action). 

A proof that intersections of wedge algebras are non-trivial (step III in section 1.2) 
seems to be out of reach at the moment, since there are no sensible criteria available 
so far. However, in view of the picture that the deformed models can be regarded as 
effective theories on a noncommutative spacetime, where strictly local quantities do not 
exist because of space-time uncertainty relations, it is actually expected that they do 
not contain operators sharply localized in bounded regions for k 7^ 0. A clarification of 
this conjecture would be desirable. 



Appendix A 

Conventions and Notation 



Units. We work in Planck units c — H — G — ks — 1- 

Minkowski spacetime. We denote n-dimensional Minkowski spacetime by (R",77), 
where rj — diag(+l, —1, . . . , —1) is the Minkowski metric. For the Minkowski product 
of vectors x,y E we write x ■ y := x^y^ — Yl^Zi x'^y'^ and for partial derivatives we 
use the shorthand notation 9^ := d/dx^ with = 0, . . . , n. Further properties of four- 
dimensional Minkowski space and its isometry group are discussed in section 2.1. For the 
description of four-dimensional de Sitter spacetime we use five-dimensional Minkowski 
space which is treated in section 4.1. 

Fourier transform. For the Fourier transform ^ : L'^{]R^,dx) L^(R",(ip) and 
its inverse : L^(R"',dp) — >■ L^(R"',dx) on Minkowski spacetime we use the sign 

convention 

{^f){p) = m = fdx e'^-^f{x), {^-'f){x) = fix) = (27r)-" / dp e-^P-^f{p). 



Curved spacetimes. A spacetime manifold (or spacetime for short) will be denoted by 
(M, g), where M is a four-dimensional, connected, smooth manifold and g is a smooth, 
Lorentzian metric with signature — , — , — ). It is automatically guaranteed that M 
is paracompact and second countable [Ger68, Ger70] . 
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Frequently used symbols. 



Symbol Description Reference 



II ■ II operator norm — 

II ■ 11^ Hilbert space norm — 

\\ ■ \\m norm associated with (. , page 22 

{■ , inner product on "Hi page 21 

21 (wedge-) local net of observables page 9, 11 

Slyn, Weyl algebra for the massive scalar free field page 22 

21^ Weyl algebra for the massive scalar free field 

in the Araki- Woods representation page 31 

a{ip),a\ip) vacuum annihilation/creation operators page 23 

aj3{ip),a'i^{(p) thermal annihilation/creation operators page 28 

a0{ip),ag{(p) deformed vacuum annihilation/creation operators page 31 

Q,9,e(</^)) deformed thermal annihilation/creation operators page 31 

B{'H) bounded operators on — 

C°°{X) smooth functions on X — 

C^{X) smooth functions with compact support on X — 

CCR (f), cr) Weyl algebra over a real symplectic space (f), ex) page 20 

durn Lorentz-invariant measure on page 21 

D[A) domain of the operator A — 

i?4(3) extended Euclidean group JR!^ Xl S0(3)o — 

Ew edge of the wedge W page 19, 72 

E^^p edge of the wedge W^^p page 42 

J^{Ti) Bosonic Fock space over H page 23 

^ (wedgc-)local field net page 53, 74 

g spacetime metric page 93 

one-parameter group of boosts associated with W page 72 

upper mass shell page 21 

Ti complex Hilbert spaces — 

V."^ smooth vectors in H page 54, 77 

"H^ ^-smooth vectors in H page 77 

T-L conjugate of T-L page 27 

Hn n-fold symmetric tensor product of — 

A^H n-fold antisymmetric tensor product oi H — 

Hi one-particle Hilbert space for the scalar free field page 21 

(f),o") real symplectic vector space for the Weyl algebra page 20 

i^rm CTm) ^al symplectic vector space for the Weyl algebra 

of the scalar free field of mass m page 22 

(M, g) spacetime manifold page 93 

Iso(M, g) isometry group of (M, g) — 

J^{0) causal future/past of O G M — 

Mat(n, K) n x n matrices over the (skew)field K — 
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o 


spacetime region 


— 




O' 


causal complement of O 


page 40 




UJ 


state 


page 9 




OJo 


vacuum state 


page 23 






KMS state with inverse temperature /3 


page 25 




VL 


Fock vacuum in the vacuum representation 


page 23 






Fock vacuum in the thermal representation 


page 27 




J^(]R^,IEl) 


real- valued bchwartz runctions on JK 


— 




E 


Cauchy hypersurface 






V+ 


forward light cone 






W 


wedge 


page 18, 


71 


Wo 


reference wedge 


page 18, 


71 




wedge with base point p and direction ^ 


page 45 




w 


the set of all wedges 


page 19, 


45, 71 
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